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Phenomenological quark mass matrices

A. Kleppe, SACT, Oslo
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Flavour states and mass states
Weak interactions occur between flavour states.

Electromagnetic and strong interactions occur between mass eigenstates.
Flavour states are in reality to be understood as weak eigenstates.

This is the root of the weak mixing pheonmena.
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The Cabbibo-Kobayashi-Maskawa (CKM) mixing matrix,

Vud Vus Vub
V= Via  Vus  Vup
Vud Vus Vub

appears in the charged current Lagrangian

Loo=— =27, /" V! W, + h.c.

2V2
where v and ' are quark fields with charges Q and Q — 1, correspondingly.

L. is usually interpreted as a (left-handed) up-sector quark interacting with a
superposition of (left-handed) down-sector quarks.
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From the perspective of weak interactions, it is an interaction between flavour states f, /"
which appear in the mass Lagrangian

Lonass :fo +f_/M,f/

f.f" are flavour states of charge 2/3 and -1/3, respectively, and the corresponding mass
matrices are denoted as M = M(2/3) and M' = M'(-1/3).

Distinguish between flavour states and the mass eigenstates, which are the " "physical
particles” taking part in strong and electromagnetic interactions.
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The lepton is different.

Neutrino mass eigenstates never appear in interactions - they merely propagate in free
space.

When a neutrino of a given flavour interacts, it by definition involves a charged lepton of
the same generation: what we call the electron-neutrino v, is the superposition of
neutrino mass states which interacts with the electron, and likewise for y and 7;in that
sense the conservation of the lepton number is a tautology.

Since the charged leptons interact weakly with flavour states, ¢, i, T are taken to be both
weak eigenstates and mass eigenstates. The only mixing matrix that occurs in the lepton
sector is the Pontecorvo-Maki-Nakagawa-Sakata mixing matrix U which only operates on
neutrino states.
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So we go from the interaction basis to the mass bases by rotating the matrices M and M’

in flavour space, by the unitary matrices U and U’,

M - UMU" = D = diag(m,, m., m;)

M > UMU"T =D = diagimg, ms, mp)

and the mixing matrix V = vy’ acting as bridge between the mass bases,

Mass basis of M”:

uM'Ut = diag(mg, me,my)

Mass basis of M:

UMU' = diag(my,.me,my)

Weak basis:

M, M’
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Factorizing the weak mixing matrix

The most obvious and " symmetric" factorization of the CKM mixing matrix, following the
well-known standard parametrization with three Euler angles a, 3, 20,

—i5
CpC20 SpC20 $20€
. . !
V = | —cpsas20€” —s5ca  —SpSas€” + cscq  Sqcop |=UU "
—cﬁco,szge”3 + SpSq —SﬁCaS29€l5 — CpSa  CuCop

-
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corresponds to the diagonalizing rotation matrices for the up- and down-sectors

1 0 0 (e cosd@ O sinf
U=|0 cosa sin a 1 0 1 0O W=
0 —sina cosa e? \ —sin@ 0O cosé

coe™ 0 sge” 7

= W| —sq.50€”  co  sqcpe” |W,

—cgasp€”’  —Sq cycpe”

and
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cosfp —sinf 0\ e cos@ 0 —sind
U' =|sinfp cosfp 0 1 0 1 0 [w=
0 0 1 e? \'sind 0 cosé
cgcoe  —sp —cpspe”"
W| sgcoe™  c5  —spsee? |W
sge'’ 0 coe'’

W = W(p) is a unitary matrix chosen so the mass matrices of the two charge sectors
contain the same phase y.
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0O <cosp +£sinp cosp 0 =+sinp cosp xsinp O
W) ~ |1 0 0 | 0 1 0 | 0 0 1
0 Fsinp cosp Fsinp 0 cosp Fsinp cosp O

p is unknown, whereas a, 3, 0 and y correspond to the parameters in the standard
parametrization, with

y =6/2,6 = 1.2 £ 0.08 rad,and 26 = 0.201 + 0.011°,

a =238 +0.06" and f = 13.04 + 0.05".

In this scheme, @ and f are the rotation angles operating in the up-sector and the down-
sector, respectively.
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This gives the mass matrices
. / / . !/
M = Uleag(mu,mc,mt)U and M =U leag(md,ms,mb)U ,

i.e. for the up-sector,

My My My Xcg + Ys5 Zsge (X = Y)coso
M=|My My My|=W| Zsye” Y —2Zcot2a  —Zcge” |W(p)
M3 Mz Ms (X — Y)coso —Zcge ™ Xs + Yc5

X=mu,

Y = m, sin® a + m, cos? q,

Z=(m; —m.)sinacosa = \/(m; - Y)Y —m),

my, me, m; are the masses of the up-, charm- and top-quark.
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The down-sector mass matrix,

M, Mj, Mj; X,sé +Y’C§
M =M}, My MyL|=Wip| Zcoe™

M3 M3 Mis X" =Y )coso
X' = my,

Y' = my cos? f + my sin® j,

Y' 427’ cot2p

—7 59"

Z' = (my —mg)sinfcos f = \/(mg = Y)Y —my),

28/06/2018, 22:07

X" =Y )cosg
~Z'sge”

%) )
Xc9+Yse

mgq, mg, my, are the masses of the down-, strange- and bottom-quark, respectively. The

two mass matrices thus display similar textures.
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. - 2 . .2
With Y = m, sin® a + m, cos? a,Z =(m, —m.)sinacosa,Y =my coszﬁ + my sin” B,
and Z' = (my — my) sin B cos B, we can moreover write

m, =X, m-=Y—-Zcota, m; =Y + Ztana,
mg=Y —Z'tanp, my=Y" +27Z" cotp, my =X,
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Choose W(p) as

cosp —sinp 0
Wip)=] 0 0 11
sinp cosp O

which gives the up-sector mass matrix

Xcos*y+Ysin®y (Y —X)sinucosy —Zsinpe
M= ¥ —-X)sinucosuy X sin’ U+ Y cos? u -7z cos,ue_W
—Zsinpe” —Zcospe’ F
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Depending on the value of 4 = p — 0, we get different matrix textures, e.g. for p — 60 = 0
or 7, we get the simple form

X 0 0
MO, z7)=]0 Y =Ze 7|,
0 —Ze" F

and for p — 0 = n/2, equally simple

Y 0 —Ze7
M#2)=| 0 X 0
—Ze" 0 F
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The down-sector mass matrix is
X' sin®py' +Y cos* ' (X' —Y')siny' cosy’  Z' cosy’ e”
M/ — (X/ _ YI) Sin//t’ COSM/ X/ COSZ //l, + Y/ SiIlZ //l, _Z/ Sll’l//t/ el]/

/ ! =i /! . ) —i
Z cosu' e —Z"siny’ e F’

W =p+0.

file:///Users/draganlukman/Documents/SNMB/BledBSM/BSM2018/Slidy1/C.html#(1) Page 16 of 31



HTML Slidy - template for basic presentations (1)
Different 4’ -values correspond to different matrices.

Eg.for ' =p+ 60 =0orx, we get

Y’ 0
M'©O,z)=| 0 )'¢
Z'e™ 7 0
and for 4’ = p+ 60 = 7/2, we get
X’ 0
M (z/2) =] 0 Y’
0 —Z'e¥
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The texture four matrices

A 0 O A O B
O C Bland| O C O
O B* D B* 0 D

are however found to be ruled out.

This gives the constraint

where N € Z
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Reparametrizations
We rewrite the mass matrices using the relations
Xci +Ysi = (Y — X)sz + X,

r.2 ' 2 I y/\ -2 !
Xsﬂ,+Ycﬂ,_(Y X)cﬂ,+X,

Xci +Ysi (Y = X)sucu
M=|¥-X)s,c, Xsi+Yc
—Zs, e" —Zc, e
sin p 1 1 1)\/sinu
=B COS U 1 1 1 CoS U
Ger \1 1 1
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Xsz 4+ Yei = (Y = X)ei + X,
X'ci+Y'si= -X")s, + X',

_ =iy
ZSM e

_ =iy | _
Zc,, e —

F

X
+ X

Ge_iy X+A
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) ! 2 !/ _ / / y
X Sy + Y Co X =Y)spcy Zcye

M = (X/ - Y’)Sﬂ'Cﬂ' X’Ci, + Y,Si, —Z’S’u/ eiy =

Z' ey e ~Z' s, e F'
cos u’ 1 1 1\fcosy
=B’ —sin ' 1 1 1 —sin y’ +
G e 1 1 1 G e
X/
+ X’
X +A
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X = my,
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u=p-—2=0, B=Y — X =m.s% +m,cs —m,,

X/:mbv ,M,:p+ea B,:Y/_X,:mssfzf'i_mdcz_mb’

(mt — M )Sa Ca

G=- 2 2 ’
(mcsa + miCq — mu)
G’ L (ms — md)sﬂcﬂ

(mdcé + mssé —mp)

(mc - mu)(mt - mu)

a (mchr + th%t - my) ’

,  (mg —myp)(ms —myp)

B (mdcé + mss/% —mp)

a = arctan(w/ ;,n:n): ) =238 +0.06°, p= arctan(, / %) = 13.04 + 0.05°.
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The matrices of the two charge sectors thus display great similarities,and A # 0 and
A’ # 0 moreover means that m. # m,,m; # m,,mg #+ my,, my; # my, and with the
additional condition m. # m; and my # my;, we almost have the prerequisite for CP-
violation - which basically says that CP-violation occurs with the arrival of a third, non-
degenerate family (and a complex phase).

file:///Users/draganlukman/Documents/SNMB/BledBSM/BSM2018/Slidy1/C.html#(1) Page 22 of 31



HTML Slidy - template for basic presentations (1) 28/06/2018, 22:07

Democratic matrices

The Standard model fermions get their masses from the Yukawa couplings by the Higgs
mechanism, the model however supplies no information about the form of the Yukawa
coupling matrices.

Democratic philosophy: just as the couplings to the gauge bosons of the strong, weak and
electromagnetic interactions are identical for all the fermions in a given charge sector, the
fermions within each charge sector should also have identical Yukawa couplings.

I 1 1
My=k1 1 1]=kN
I 1 1

k has dimension mass.

The mass spectrum (0, 0, 3k) reflects the observed fermion mass spectra.

file:///Users/draganlukman/Documents/SNMB/BledBSM/BSM2018/Slidy1/C.html#(1) Page 23 of 31



HTML Slidy - template for basic presentations (1) 28/06/2018, 22:07
The mass Lagrangian reads
3
Loas =kNf = ) kfif,
i=1,j=1

thus the flavours f; in a given charge sector are initially indistinguishable, with the same
Yukawa coupling for all the flavours:it is a totally flavour symmetric situation.
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Interpretations

One can perceive a matrix like

sin p 1 1 1)sing X
M =B COS U 1 1 1 COS U + X
Ge?" N1 1 1 Ge™ X+A

as starting out totally flavour symmetric, in accordance with the democratic scheme.
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Our initial assumption is that the matrices which diagonalize the up-sector and down-
sector mass matrices, are given by the factorization of the Cabibbi-Koabayashi-Maskawa
matrix.

The parameters of the CKM matrix are well-known, so the only remaining " "steering-
parameter” is p, in the sense that different values of p correspond to mass matrices of
different form.

The constraint
1
pF 5 Nr+6

exclude certain values of p, but we do not know what value(s) p actually takes.
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Using the numerical quark mass values at Mz,

m,(Mz) = 1.24MeV, m.(Mz) = 624MeV, m;Mz) = 171550MeV
my(Mz) = 2.69MeV, m;(Mz) =53.8MeV, my(Mz) = 2850MeV

and calculating numerical mass matrices for a set of different p-values, it (unsurprisningly)
turns out that the greatest structural similarity between M(2/3) and M'(—-1/3) occurs for
p ~ 74, ie.

85327.85 85626.47  —5005.93¢7"
M(p =n/4) =| 85626.47 85928.63  —5023.52¢7 |MeV
—5005.93¢7  —5023.52¢" 918.76

143271 142227  8.15€"
M'(p=n/4) =] 142227 1422773  —8.18¢" [MeV,
8.15¢77 —8.18¢77  51.06
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Disregarding signs, these matrices display the same approximate texture

A A Be*7
MM ~| A A Bet? |+ A
Be™7  Be¥ C

with
0 € O
A=|le 0 €|
0 &£ 0

where ¢, ¢’ are tiny, A3)/A<13) ~ m;/mp and B < A.
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This schematic matrix can be interpreted as emerging from an initial form

A A B n I 1 1\(#n 0
M(initial) =|A A B|= n 1 1 1 n + 0
B B C ENT 1 1 E >

such that for the up-sector, 7 = 292.6MeV,¢é = 17.1MeV and £ = 625.1MeV = melch;

and for the down-sector, 7’ = 37.8MeV, & = 174.8MeV and T’ = 51.01MeV ~ mscz.
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So by factorizing the mixing matrix, we end up with a specific form of quark mass
matrices with traces of an initial democratic texture, which generically be written as
s;+ 2 spe”
n SnCn n
— 2 =iy | —
M=k s,c, c3+Z cye =

spe”"  cue” 1+ Q

sin z 1 1 1)sing z
—k cos 7 1 1 1 cos 7 + )Y
AN 11 ol Q

where only k is dimensional.
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