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Revision Notes

Answer to referee’s comments from 27.07.2023
Dear Editor, dear Referee,
I am answering to comments and suggestions of the Referee in my best way.

Let me first point out that the Referee’s suggestions and comments are far
the best ones which I have obtained in connection with the two main topics of
these paper: The Clifford odd and even objects in even and odd dimensional
spaces, describing fermion and boson internal and external spaces. Although
with the Referee, we do not always agree, or I do not understand his suggestions,
his comments are beneficial. I am grateful for them.

Let me comment:
a. The duplicate occurrence in footnote 11 is corrected.

b. Evaluating the last equation in the second line of Eq. (32) in detail I get
Z€ro:

I treat free fermion fields

P >=e P70, >= b0, >, <Pl =< 0,[ePT =< 0,| by
< PIF >=< 0p| by bL[0, >=6(p' — p),
< | >=< 0] bl by |0, >=6(~p/ — (=) = 6~ 7).
consequently o o
< op|{bﬁ7b;,}, 0, >=< 0, bﬁb; - bj;, b5|0, >= 0. T added this into footnote

11. (I do not see how this could be equal to §(p/ — ), unless we forbid —p.)

Using my result I proved that my way of presenting second quantized fermion
and boson fields agrees with postulates of the second quantization of fields when
I take into account the simple vacuum state.

Also the Referee’s suggestion might be the correct one. I just do not see his
way. (I guess he suggests something like redefining Z;;H()p > as a new creation
operator in ordinary space.)

I see that the main disagreement between the Referee and myself is that the
postulated second quantized relations for fermion and boson fields do not assume
a particular vacuum state, although the creation and annihilation operators of
Dirac do apply on some vacuum state to produce the states.

In my case, when the internal space of fermions (and bosons) are described
by the Clifford odd (even) “basis vectors” and the creation operators are the
tensor products, *7, of “basis vectors” and basis in ordinary space, I do need the
vacuum state on which the creation and annihilation operators apply. Then my
creation and annihilation operators fulfil all the requirements of the postulates
of the second quantized fields (following from properties of the “basis vectors”).
From these creation and annihilation operators (for quarks and leptons and
antiquarks and antileptons) then follow the creation and annihilation operators
for clusters of quarks and leptons. My spin-charge-family theory then offer,
starting from the simple starting action in d > (13 + 1), the explanation for all



the assumptions of the standard models (for quarks and leptons, for antiquarks
and antileptons, for families of quarks for scalar Higgs, ...)

c. Footnotes 12 (a new one) and 13 (the old 12) answer the Referee’s ques-
tion. The second quantized postulates for fermion and boson fields do indeed not
include the vacuum state. But they are postulated. I do not assume any rela-
tion; I just realize that the Clifford odd operators “basis vectors” anti-commute
(and the Clifford even “basis vectors” commute) and that they remain anti-
commuting (commuting) even in a tensor products with the basis in ordinary
space, provided that creation operators for fermion fields apply on a simple
vacuumn state.

Creation operators do create the Hilbert space of fermion (boson) states
when applying on a vacuum state also in the Dirac’s postulated relations. I
proved that my creation and annihilation operators have all the properties of
the second postulated fields of Dirac on a chosen simple vacuum state.

footnote 12:

Two fermion states (formed from two creation operators applying on the vac-
uum state) with the orthogonal basis part in ordinary space (with two different
momentum in ordinary space in the case of free fields) "do not meet”; corre-
spondingly, each can carry the same “basis vector”. They must differ in the
internal basis if they have the identical ordinary part of the basis. (Otherwise,
the tensor product, 7, , of such two fermion states is zero.) Illustration: Let
us treat an atom with many electrons. Each electron has a spin of either 1/2 or
—1/2. Their orthogonal basis in ordinary space allows them to have the internal
spin £1/2 (leading to total angular momentum either +1/2 or larger due to
the angular momentum in ordinary space). As mentioned in the introduction
section in a.iii. the Hilbert space of the second quantized fermion states is
represented by the tensor products, *r,, of all possible members of creation
operators from zero to infinity applying on the simple vacuum state. For any of
these members the scalar product is obtained by multiplying from the left hand
side by their Hermitian conjugated partner.

footnote 13:
The anti-commutation relations of Eq. (34) are valid also if we replace the vac-
uum state, ¢, > |05 >, by the Hilbert space of the Clifford fermions generated
by the tensor products multiplication, *7,,, of any number of the Clifford odd
fermion states of all possible internal quantum numbers and all possible mo-
menta (that is, of any number of Bjﬁ(ﬁ) of any (s, f,P)), Ref. (14, Sect. 5.).

Although my proposed description of the internal spaces of fermions and
bosons need further work to see what new can it bring in the second quanti-
sation of fermion and boson fields, the results are auspicious so far; although I
have well defined a very simple vacuum state, while the postulated second quan-
tized fields do not. In my case the anti-fermions belong to the same irreducible
representation (to the same family) as fermions, while in the ordinary second
quantized theories they have to be defined separately.

Sincerely yours, Norma Susana Manko¢ Borstnik
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Abstract

This article presents the description of the internal spaces of fermion and boson fields in d-
dimensional spaces, with the odd and even “basis vectors” which are the superposition of odd
and even products of operators v*. While the Clifford odd “basis vectors” manifest properties of
fermion fields, appearing in families, the Clifford even “basis vectors” demonstrate properties of
the corresponding gauge fields. In d > (13 + 1) the corresponding creation operators manifest in
d = (3+1) the properties of all the observed quarks and leptons, with the families included, and of
their gauge boson fields, with the scalar fields included, making several predictions. The properties
of the creation and annihilation operators for fermion and boson fields are illustrated on the case
d = (5+1), when SO(5,1) demonstrates the symmetry of SU(3) x U(1).

Keywords: Second quantization of fermion and boson fields with Clifford algebra; Beyond the standard
model; Kaluza-Klein-like theories in higher dimensional spaces; Clifford algebra in odd dimensional
spaces; Ghosts in quantum field theories

1 Introduction

The standard model (corrected with the right-handed neutrinos) has been experimentally confirmed
without raising any severe doubts so far on its assumptions, which, however, remain unexplained.

The standard model assumptions have several explanations in the literature, mostly with several
new, not explained assumptions. The most popular are the grand unifying theories ([1, 2, 3, 4, 5] and
many others).

. In a long series of works ([6, 7, 8, 9],and the references there in) the author has found, together
with the collaborators ([10, 11, 12, 19, 14] and the references therein), the phenomenological success
with the model named the spin-charge-family theory with the properties:

a. The internal space of fermions are described by the “basis vectors” which are superposition of
odd products of anti-commuting objects (operators) ! 4% (in the sense {7?,7°}_ = 21%), Sect. 2.1,

! According to Eq. (6) {7%,7%}_ = 21 are anticommuting unless a = b.



in d = (13 + 1)-dimensional space [19, 14]. Correspondingly the “basis vectors” of one Lorentz irre-
ducible representation in internal space of fermions, together with their Hermitian conjugated partners,
anti-commute, fulfilling (on the vacuum state) all the requirements for the second quantized fermion
fields ([10, 14] and references therein).

a.i. The second kind of anti-commuting objects, ¥, Sect. 2.1, equip each irreducible representation of
odd “basis vectors” with the family quantum number [19, 10].

a.ii. Creation operators for single fermion states — which are tensor products, 1, of a finite number of
odd “basis vectors” appearing in 251 families, each family with 251 members, and the (continuously)
infinite momentum/coordinate basis applying on the vacuum state [19, 14] — inherit anti-commutativity
of “basis vectors”. Creation operators and their Hermitian conjugated partners correspondingly anti-
commute.

a.iii. The Hilbert space of second quantized fermion field is represented by the tensor products, *p,,,
of all possible numbers of creation operators, from zero to infinity [14], applying on a vacuum state.
a.iv. Spins from higher dimensions, d > (3 + 1), described by the eigenvectors of the superposition of
the Cartan subalgebra S%°, Table 4, manifest in d = (3+ 1) all the charges of the standard model quarks
and leptons and antiquarks and antileptons.

b. In a simple starting action, Eq. (1), massless fermions carry only spins and interact with only grav-
ity — with the vielbeins and the two kinds of spin connection fields (the gauge fields of momenta, of
Sab = (x4 — 4b4%) and 9f Sab — i(’y“:yb — 4%3%), respectively 2). The starting action includes only
even products of v*’s and *’s ([14] and references therein).

b.i. Gravity — the gauge fields of S%, ((a,b) = (5,6, ....,d)), with the space index m = (0,1,2,3) —
manifest as the standard model vector gauge fields [11], with the ordinary gravity included ((a,b) =
(0,1,2,3)).

b.ii. The scalar gauge fields of S, and of some of the superposition of S%, with the space index
s = (7,8) manifest as the scalar higgs and Yukawa couplings [9, 14], determining mass matrices (of
particular symmetry) and correspondingly the masses of quarks and leptons and of the weak boson
fields after (some of) the scalar fields with the space index (7,8) gain constant values.

b.iii. The scalar gauge fields of S and of S* with the space index s = (9,10,...,14) and (a,b) =
(5,6, ....,d) offer the explanation for the observed matter/antimatter asymmetry [8, 9, 12, 14] in the
universe.

c. The theory predicts at low energy two groups with four families. To the lower group of four families
the so far observed three belong [34, 35, 36, 38, 39], and the stable of the upper four families, the fifth
family of (heavy) quarks and leptons, offers the explanation for the appearance of dark matter. Due to
the heavy masses of the fifth family quarks, the nuclear interaction among hadrons of the fifth family
members is very different than the ones so far observed [37, 40].

d. The theory offers a new understanding of the second quantized fermion fields, as mentioned in a.
and it is explained in Refs. [19, 14], it also enables a new understanding of the second quantization of
boson fields which is the main topics of this article [16, 17], both in even dimensional spaces.

d.i. The Clifford odd “basis vectors” appear in 251 families, each family having 25~1 members. Their
Hermitian conjugated partners appear in a separate group, Sect. 2.

d.ii. The Clifford even “basis vectors” appear in two groups, each with 251 x25-! members with
their Hermitian conjugated partners within the same group. One group of the Clifford even “basis
vectors” transform, when applying algebraically on the Clifford odd “basis vector”, this Clifford odd
“basis vector” into other members of the same family. The other group of the Clifford even “basis
vectors” transform, when being applied algebraically by the Clifford odd “basis vector”, this Clifford
odd “basis vector” into the same member of another family; in agreement with the action, Eq. (1).
d.iii. In odd dimensional spaces, d = (2n + 1), the properties of Clifford odd and Clifford even “basis
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vectors” differ essentially from their properties in even dimensional spaces, resembling the ghosts needed
to make the contributions of the Feynman diagrams finite [20].

The theory seems very promising to offer a new insight into the second quantization of fermion and
boson fields and to show the next step beyond the standard model.

The more work is put into the theory, the more phenomena the theory can explain.

Other references used a different approach by trying to make the next step with Clifford algebra to
the second quantized fermion, which might also be a boson field [41, 42].

Let us present a simple starting action of the spin-charge-family theory ([14] and the references
therein) for massless fermions and anti-fermions which interact with massless gravitational fields only;
with vielbeins (the gauge fields of momenta) and the two kinds of spin connection fields, the gauge
fields of the two kinds of the Lorentz transformations in the internal space of fermions, of S% and S,
in d = 2(2n + 1)-dimensional space

A = /dde%(z/_J’yap(]alp)—i—h.c.—i—
/dde(aR+&R),

1 1~
a a__Sab aa__Sab aba
Do p 9 Wab 5 Waba 5

1
a — aa [ - omE aa—a
Do J%apo +2E{P [}
1

R = 5 {fa[afﬁb} (waboz,/o’ — Weaa wcbﬂ)} + h.c. ,
. 1 ) .
R = 5 {fa[afﬁb} (waba,ﬁ — Wega W bﬁ)} + h.c.. (1)

Here 3 folo 8l — faaBb _ fabffa  The vielbeins, f¢, and the two kinds of the spin connection fields,
Wabe (the gauge fields of S*) and @, (the gauge fields of S°), manifest in d = (3 4 1) as the known
vector gauge fields and the scalar gauge fields taking care of masses of quarks and leptons and antiquarks
and antileptons and of the weak boson fields [11, 8, 9, 12] 4.

The action, Eq. (1), assumes two kinds of the spin connection gauge fields, due to two kinds of the
operators: v* and 4. Let be pointed out that the description of the internal space of bosons with the
Clifford even “basis vectors” offers as well two kinds of the Clifford even “basis vectors”, as presented
in d.ii..

In Sect. 2 the Grassmann and the Clifford algebras are explained, Subsect.2.1, and creation and
annihilation operators described as tensor products of the “basis vectors” offering an explanation of the
internal spaces of fermion (by the Clifford odd algebra) and boson (by the Clifford even algebra) fields
and the basis in ordinary space.

In Subsect. 2.2, the “basis vectors” are introduced and their properties presented in even and odd-
dimensional spaces, Subsects. 2.2.1, Subsect. 2.2.2, respectively.

3fe, are inverted vielbeins to e, with the properties e®,f% = 6%, e%f’ = 62, E = det(e%,). Latin indices
a,b,..,m,n,.., st .. denote a tangent space (a flat index), while Greek indices a, 3, .., i, v, ..0, 7, .. denote an Einstein index
(a curved index). Letters from the beginning of both the alphabets indicate a general index (a, b, ¢, .. and «, 3,7, .. ), from
the middle of both the alphabets the observed dimensions 0,1, 2,3 (m,n, .. and u, v, ..), indexes from the bottom of the al-
phabets indicate the compactified dimensions (s, t,.. and o, 7,..). We assume the signature net = diag{l,-1,-1,--- ,—1}.

4Since the multiplication with either 4%’s or #%’s changes the Clifford odd “basis vectors” into the Clifford even objects,
and even “basis vectors” commute, the action for fermions can not include an odd numbers of v*’s or ¥*’s, what the
simple starting action of Eq. (1) does not. In the starting action y*’s and 5*’s appear as 709%Poq or as Y0v¢ S%wap. and
as ’YO’VC Saba}abo



In Subsect. 2.3, the properties of the Clifford odd and even “basis vectors” are demonstrated in the
toy model in d = (5 + 1).

In Subsect. 2.4, the properties of the creation and annihilation operators for the second quantized
fermion and boson fields in even dimensional spaces are described.

Sect. 3 presents what the reader could learn new from this article.

In App. B, the answers of the spin-charge-family theory to some of the open questions of the standard
model are discussed.

In App. C, some useful formulas and relations are presented.

In App. D one irreducible representation (one family) of SO(13,1), group, annalysed with respect
to SO(3,1), SU(2)1, SU(2)1r, SU(3), and U(1), representing “basis vectors” of quarks and leptons and
antiquarks and antilepons is discussed.

App. A, suggested by the referee, illustrates on the simplest case d = (3+1) (and d = (14 1); which
offers only one “family” of fermions, d = (3 + 1) has two families) the properties of the Clifford odd
and Clifford even “basis vectors” describing the internal spaces of fermion and boson fields, explaining
in a pedagogical way in details their construction, manifestation of ant-commutativity (in the fermion
case) and commutativity (in the boson case) of the tensor product of the “basis vectors” and the basis
in ordinary space-time.

The referee suggested also several footnotes.

2 Creation and annihilation operators for fermions and bosons
in even and odd dimensional spaces

Refs. [6, 10, 19, 8, 14] describe the internal space of fermion fields by the superposition of odd products
of 4* in even dimensional spaces (d = 2(2n+1), or d = 4n). In any even dimensional space there appear
25~1 members of each irreducible representation of S?, each irreducible representation representing one
of 2271 families, carrying quantum numbers determined by S%. Their Hermitian conjugated partners
appear in a separate group (not reachable by either S® or S’“b). Since the tensor products, *7, of these
Clifford odd “basis vectors” and basis in ordinary momentum or coordinate space, applying on the
vacuum state, fulfil the second quantization postulates for fermions [21, 22, 23], it is obvious that the
251 x 251 anti-commuting Clifford odd “basis vectors”, together with their Hermitian conjugated
partners, transferring their anti-commutativity to creation and annihilation operators, explain the sec-
ond quantization postulates of Dirac for fermions and their families [19].

There are, however, the same number of the Clifford even “basis vectors”, which obviously commute,
transferring their commutativity to tensor products, *r, of the Clifford even “basis vectors” and basis
in ordinary momentum or coordinate space.

We shall see in what follows that the Clifford even “basis vectors” appear in two groups, each with
251 x 251 members. The members of each group have their Hermitian conjugated partners within
the same group. As we shall see, one group transforms a particular family member of a Clifford odd
“basis vector” into other members of the same family, keeping the family quantum number unchanged.
The second group transforms a particular family member of a Clifford odd “basis vector” into the same
member of another family [17]. We shall see that the Clifford even “basis vectors” of each of the two
groups has, in even dimensional spaces, the properties of the gauge boson fields of the corresponding
Clifford odd “basis vectors”: One group with respect to S, the other with respect to S.

The properties of the Clifford odd and the Clifford even “basis vectors” in odd dimensional spaces,
d = (2n + 1), differ essentially from their properties in even dimensional spaces, as we shall review
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Ref. [20] in Subsect. 2.2.2. Although anti-commuting, the Clifford odd “basis vectors” manifest prop-
erties of the Clifford even “basis vectors” in even dimensional spaces. And the Clifford even “basis
vectors”, although commuting, manifest properties of the Clifford odd “basis vectors” in even dimen-
sional spaces.

2.1 Grassmann and Clifford algebras

This part is a short overview of several references, cited in Ref. ([14], Subsects. 3.2,3.3), also appearing
in Ref. [18, 19, 20].

The internal spaces of anti-commuting or commuting second quantized fields can be described by
using either the Grassmann or the Clifford algebras [6, 14]

In Grassmann d-dimensional space there are d anti commuting (operators) 8%, and d anti-commuting
operators which are derivatives with respect to 6¢

) 89 )
o 0
0*,6°}, =0 — =1}, =0
{ ) }+ {aeau aeb }+ )
0
{eaaa_eb}—i— - 5&1)7 ((l,b) - (07172a3757"' ad) (2)
Making a choice [12]
a aa a a aana
with n diag{l,—l,—l,--- ,—1}.
0* and 47— are, up to the sign, Hermitian conjugated to each other. The identity is the self adjoint

member of the algebra The choice for the following complex properties of 6°

0 pl 2 n3 5 pb6 d—1 pd
{9(1}* = (9 79 7_0 ’9 7_‘9 70 )“')_0 70 )a (4-)
: : 0 __ (.0 o) 0 o) 0 o 0 0
Correspondlngly requires {39a }* = <%7 20,0 0050 9030 005 965 90, 1’ 8_9(1) .

There are 2 superposition of products of 8%, the Hermitian conjugated partners of which are the
corresponding superposition of products of 3 8
There exist two kinds of the Chfford algebra elements (operators), v* and 4%, expressible with 6*’s

and their conjugate momenta p’* = i 89 6], Egs. (2, 3),
a a a ~a N a a
= ), A=),
a 1 -~q a 1 a .
= 0=, g =5 0+

()

offering together 2-2¢ operators: 2¢ are superposition of products of 4¢ and 2 of 4¢. It is easy to prove if
taking into account Egs. (3, 5), that they form two anti-commuting Clifford subalgebras, {v*,7°}, = 0,
Refs. ([14] and references therein)

{7a77b}+ = 277ab = {:}/a,:}/b}+’
{4} = 0, (a,b)=(0,1,2,3,5,-- .d),
(v = preyt, (3T =nran. (6)



While the Grassmann algebra offers the description of the “anti-commuting integer spin second quan-
tized fields” and of the “commuting integer spin second quantized fields” [19, 14], the Clifford algebras
which are superposition of odd products of either 7*’s or 7*’s offer the description of the second quan-
tized half integer spin fermion fields, which from the point of the subgroups of the SO(d — 1,1) group
manifest spins and charges of fermions and antifermions in the fundamental representations of the group
and subgroups, Table 4.
The superposition of even products of either v*’s or 4*’s offer the description of the commuting second
quantized boson fields with integer spins (as we can see in [16, 17] and shall see in this contribution)
which from the point of the subgroups of the SO(d — 1,1) group manifest spins and charges in the
adjoint representations of the group and subgroups.

The following postulate, which determines how does 4% operate on ~*, reduces the two Clifford
subalgebras, v* and 4%, to one, to the one described by ~* [10, 6, 9, 12]

{:}/GB = <_)Btia} ’woc >, (7)

with (—)? = —1, if B is (a function of) an odd products of v*’s, otherwise (—)® = 1 [10], the vacuum
state |1, > is defined in Eq. (46) of Subsect. 2.2.

After the postulate of Eq. (7) it follows:
a. The Clifford subalgebra described by 4*’s looses its meaning for the description of the internal space
of quantum fields.
b. The “basis vectors” which are superposition of an odd or an even products of v*’s obey the postulates
for the second quantized fields for fermions or bosons, respectively, Sect.2.2.
c. It can be proven that the relations presented in Eq. (6) remain valid also after the postulate of
Eq. (7). The proof is presented in Ref. ([14], App. I, Statement 3a).
d. Each irreducible representation of the Clifford odd “basis vectors” described by 7*’s are equipped
by the quantum numbers of the Cartan subalgebra members of S%, chosen in Eq. (8), as follows

03 12 b6 d—1d
S 7S 7S s 7S )
Q03 Q12 g56 Qod—1d
S 7S 7S s 75 )

0

= 0
ab __ gab ab __ - pa __pb
S = 5 4§ =i (0 0. (8)

After the postulate of Eq. (7) no vector space of %’s needs to be taken into account for the description
of the internal space of either fermions or bosons, in agreement with the observed properties of fermions
and bosons. Also the Grassmann algebra is reduced to only one of the Clifford subalgebras. The
operator 4* will from now on be used to describe the properties of fermion “basis vectors”, determining
by S = i(’y“’yh —4%3%) the “family” quantum numbers of the irreducible representations of the Lorentz
group in internal space of fermions, S, and the properties of bosons “basis vectors” determined by
S = Gab 4 §ab e shall see that while the fermion “basis vectors” appear in “families”, the boson
“basis vectors” have no “families” and manifest properties of the gauge fields of the corresponding
fermion fields. In App. A the case of d = (3 + 1) is discussed.

4*’s equip each irreducible representation of the Lorentz group (with the infinitesimal generators

Sab = %{7“, 7*}_) when applying on the Clifford odd “basis vectors” (which are superposition of odd

products of v*) with the family quantum numbers (determined by S = %{&“, F30).
Correspondingly the Clifford odd “basis vectors” (they are the superposition of odd products of
v*’s) form 251 families, with the quantum number f, each family has 251 members, m. They offer
the description of the second quantized fermion fields.
The Clifford even “basis vectors” (they are the superposition of even products of 4*’s) have no
families, as we shall see in what follows, but they do carry both quantum numbers, f and m, offering
the description of the second quantized boson fields as the gauge fields of the second quantized fermion
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fields. The generators of the Lorentz transformations in the internal space of the Clifford even “basis
vectors” are S = S 4 §ob,

Properties of the Clifford odd and the Clifford even “basis vectors” are discussed in the following
subsection.

2.2 “Basis vectors” of fermions and bosons in even and odd dimensional
spaces

This subsection is a short overview of similar sections of several articles of the author, like [18, 17, 20, 19].

After the reduction of the two Clifford subalgebras to only one, Eq. (7), we only need to define “basis
vectors” for the case that the internal space of second quantized fields is described by superposition of
odd or even products v*’s 5.

Let us use the technique which makes “basis vectors” products of nilpotents and projectors [6, 10]
which are eigenvectors of the (chosen) Cartan subalgebra members, Eq. (8), of the Lorentz algebra in
the space of v%’s, either in the case of the Clifford odd or in the case of the Clifford even products of
v4s.

There are in even-dimensional spaces g members of the Cartan subalgebra, Eq. (8). In odd-dimensional
spaces there are % members of the Cartan subalgebra.

One finds in even dimensional spaces for any of the g Cartan subalgebra member, S applying on

ab ab
a nilpotent (k) or on projector [k]

() = 2o+ Ty (@) =0,
ab 1 7 ab ab
[k]: = 5( +E7“7b), ([K])? =[k], 9)
the relations
" ab_k ab 0 ab_k ab
s (=5 (), 8 (=7 (b,
s fii= % fi s fkl= - i (10)
2 o2 Y

with k% = n®n® 6 demonstrating that the eigenvalues of S® on nilpotents and projectors expressed
with v differ from the eigenvalues of Sab on nilpotents and projectors expressed with v, so that Gab
can be used to equip each irreducible representation of S® with the ”family” quantum number. 7

We define in even d the “basis vectors” as algebraic, %4, products of nilpotents and projectors so that
each product is an eigenvector of all % Cartan subalgebra members, Eq.(8). Fermion “basis vectors”
are (algebraic, *4,) products of an odd number of nilpotents; each of them is the eigenvector of one of
the Cartan subalgebra members, and the rest of the projectors; again is each projector the eigenvector
of one of the Cartan subalgebra members. The boson “basis vectors” are (algebraic, *4) products of
an even number of nilpotents and the rest of the projectors. (In App. A, the reader can find concrete
examples.)

°In Ref. [14], the reader can find in Subsects. (3.2.1 and 3.2.2) definitions for the “basis vectors” for the Grassmann
and the two Clifford subalgebras, which are products of nilpotents and projectors chosen to be the eigenvectors of the

corresponding Cartan subalgebra members of the Lorentz algebras presented in Eq. (8).
ab . aa
6Let us prove one of the relations in Eq. (10): S* (k)= £7"7*3(v* + L") = 5:{—i(v*)*7* + i(v")*y* -} =
%%ﬁbb%{va + nﬁik’yb}. For k? = n®n" the first relation follows.

"The reader can find the proof of Eq. (10) also in Ref. [14], App. (I).
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It follows that the Clifford odd “basis vectors”, which are the superposition of odd products of ~¢,
must include an odd number of nilpotents, at least one, while the superposition of an even products of
~¢, that is Clifford even “basis vectors”, must include an even number of nilpotents or only projectors.

We shall see that the Clifford odd “basis vectors” have properties appropriate to describe the internal
space of the second quantized fermion fields while the Clifford even “basis vectors” have properties
appropriate to describe the internal space of the second quantized boson fields.

Taking into account Eq. (6) one finds

ab ab ab ab ab ab ab ab
V(k) = =K, A (k)= —ik K], At R]=(=k), AP [K]= ik (<k),
_ ab ab ~ ab ab _ab ab ~ ab ab
v (k) = —in" [k], A" (k)= —k[K], v [kl= i (k), A [k]=—kn™ (k),
ab T ab ab ab ab ab
(k) = 0™ (=k), ((k)*=0, (k)(=k)=n"[K],
ab'r ab ab ab ab ab
(k] = [k, ([K)* =[k], [K][-k]=0, (11)

More relations are presented in App. C.

The relations in Eq. (11) demonstrate that the properties of “basis vectors” which include an odd
number of nilpotents, differ essentially from the “basis vectors”, which include an even number of
nilpotents.

One namely recognizes:

ab t ab
i. Since the Hermitian conjugated partner of a nilpotent (k) is n® (—k) and since neither S® nor
S nor both can transform odd products of nilpotents to belong to one of the 25~1 members of one of
251 irreducible representations (families), the Hermitian conjugated partners of the Clifford odd “basis

vectors” must belong to a different group of 2% ~! members of 22~ families.
ab cd ab cd - ab cd ab cd

Since S transforms (k) *4 (k') into [—k] %4 [—K’], while S transforms (k) x4 (k') into [k] x4 [K'] it is
obvious that the Hermitian conjugated partners of the Clifford even “basis vectors” must belong to the
same group of 25~1x 251 members. Projectors are self-adjoint.
ii. Since an odd products of y* anti-commute with another group of an odd products of v¢, the Clifford
odd “basis vectors” anti-commute, manifesting in a tensor product, %7, with the basis in ordinary space
(together with the corresponding Hermitian conjugated partners) properties of the anti-commutation
relations postulated by Dirac for the second quantized fermion fields . The creation and annihilation
operators, which include the internal space of fermions and bosons described by “basis vectors”, the
anti-commutativity or commutativity of which determine properties of the “basis vectors”, fulfil the
postulates of the second quantized fermion and boson fields. Basis of ordinary space commute as
presented in Eq.(31). App. (A) discuses the creation and annihilation operators.
The Clifford even “basis vectors” correspondingly fulfil, in a tensor product, %7, with the basis in
ordinary space, the commutation relations for the second quantized boson fields.
iii. The Clifford odd “basis vectors” have all the eigenvalues of the Cartan subalgebra members equal
to either :I:% or to :I:%.
The Clifford even “basis vectors” have all the eigenvalues of the Cartan subalgebra members S%* =
Sab 4 §ab equal to either +1 and zero or to 44 and zero.

In odd-dimensional spaces the “basis vectors” can not be products of only nilpotents and projections.
As we shall see in Subsect. 2.2.2, half of “basis vectors” can be chosen as products of nilpotents and
projectors, the rest can be obtained from the first half by the application of S% on the first half.

830 far, we multiply nilpotents and projectors, or products of nilpotents and projectors forming “basis vectors”, among
themselves. With the tensor product, *7, we include the basis in ordinary space.
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We shall demonstrate, shortly overviewing [20], that the second half of the “basis vectors” have
unusual properties: The Clifford odd “basis vectors have properties of the Clifford even “basis vectors”,
the Clifford even “basis vectors have properties of the Clifford odd “basis vectors”.

2.2.1 Clifford odd and even “basis vectors” in even d

Let us define Clifford odd and even “basis vectors” as products of nilpotents and projectors in even-
dimensional spaces.

a. Clifford odd “basis vectors”

This part overviews several papers with the same topic ([14, 20] and references therein).

The Clifford odd “basis vectors” must be products of an odd number of nilpotents, and the rest, up
to %l, of projectors, each nilpotent and each projector must be the “eigenstate” of one of the members of
the Cartan subalgebra, Eq. (8), correspondingly are the “basis vectors” eigenstates of all the members
of the Lorentz algebra: S’s determine 25-1 members of one family, S?’s transform each member of
one family to the same member of the rest of 251 families.

Let us call the Clifford odd “basis vectors” l;;ch, if it is the m™ membership of the family f. The
Hermitian conjugated partner of lAf}lT is called i)}? (= (lA)'}”T)T

Let us start in d = 2(2n + 1) with the “basis vector” I;}T which is the product of only nilpotents,
all the rest members belonging to the f = 1 family follow by the application of S, §%, .. . §% §15
..., 81 g% §4-2d They are presented on the left-hand side. Their Hermitian conjugated partners

are presented on the right-hand side. The algebraic product mark %4 among nilpotents and projectors
is skipped.

d=2(2n+1),
031256 d—1d ., 03 12 d—1d
b =(+)(H)(+) -+ (), by =(=i)(=) -~ (=),
op 0312 56 d—-1d ., 03 12 56 d—-1d
by =[=][-](+) -+ (+) by =[—[-](=) - (),
g1y 03 1256 d—3d—2 d—1d g1y 0312 56 78 d—3d—2 d—1d
by === - D, =)

. (12)

In d = 4n the choice of the starting “basis vector” with maximal number of nilpotents must have
one projector

d=4n,
0312 d—1d ., 03 12 d—1d
by =(+i)(+) -+ 4], by =(=i)(=) -+ [+]
oop 03 12 56 d—1d ., 03 12 56 d—1d
by" =[=i][=](+) -+ [+, by =[—d][-](+) --- [+] ,
g1, 0312 56 d—3d—2 d—1d 41 03 12 56 d—3d-2 d—1d
R T U I T R - T DU I Y5

N (13)

The Hermitian conjugated partners of the Clifford odd “basis vectors” Z;TT, presented in Eq. (13) on
ab . ab
the right-hand side, follow if all nilpotents (k) of " are transformed into % (—k).

For either d = 2(2n + 1) or for d = 4n all the 251 families follow by applying Sab’s on all the
members of the starting family. (Or one can find the starting b}T for all families f and then generate

all the members I;? from Z)}T by the application of S on the starting member.)
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It is not difficult to see that all the “basis vectors” within any family, as well as the “basis vectors”
among families, are orthogonal; that is, their algebraic product is zero. The same is true within their
Hermitian conjugated partners. Both can be proved by the algebraic multiplication using Eqs. (11, 47).

DT BT = 0, BPaab =0, Vm,m' f, f. (14)
When we choose the vacuum state equal to
981
’woc >= Z b?*Ab?ﬂ | 1 >, <15)
F=1

for one of members m, which can be anyone of the odd irreducible representations f it follows that the
Clifford odd “basis vectors” obey the relations

DF s |oe > = 0. [thoe >,
Ot lthoe > = [0 >,
(07 0% s [thoe > = 0. [the >,
BT Y oe > = 0. [0 >,
(b7 0 o > = 6™ Syt >, (16)

while the normalization < 1/Joc|l;;ch * 4 B?T 4 [hoe >= 1 is used and the anti-commutation relation mean
(07T 07 e = 07T e BT+ 0T g B

If we write the creation and annihilation operators for fermions as the tensor, 7, products of “basis
vectors” and the basis in ordinary space, the creation and annihilation operators fulfil Dirac’s anti-
commutation postulates since the “basis vectors” transfer their anti-commutativity to creation and
annihilation operators; the ordinary basis namely commute as presented in Egs. (31, 32). Describing
the internal space of fermions with the Clifford odd “basis vectors”, makes creation operators fulfilling
the Dirac postulates for the second quantized fermion fields: No postulates are needed. The creation
and annihilation operators for fermions and bosons are discussed in App. A, in the part with the title
“Creation and annihilation operators”.

It turns out, therefore, that not only the Clifford odd “basis vectors” offer the description of the
internal space of fermions, they explain the second quantization postulates for fermions as well.

Table 1, presented in Subsect. 2.3, illustrates the properties of the Clifford odd “basis vectors” on
the case of d = (5 +1).

b.  Clifford even “basis vectors”

This part proves that the Clifford even “basis vectors” are in even-dimensional spaces offering the
description of the internal spaces of boson fields — the gauge fields of the corresponding Clifford odd
“basis vectors””: It is a new recognition, offering a new understanding of the second quantized fermion
and boson fields [17].

The Clifford even “basis vectors” must be products of an even number of nilpotents and the rest,
up to %, of projectors; each nilpotent and each projector is chosen to be the “eigenstate” of one of the
members of the Cartan subalgebra of the Lorentz algebra, S® = S+ 5% Eq. (8). Correspondingly the
“basis vectors” are the eigenstates of all the members of the Cartan subalgebra of the Lorentz algebra.

The Clifford even “basis vectors” appear in two groups, each group has 25-1x 25~1 members. The
members of one group can not be reached from the members of another group by either S*’s or S%’s
or both.
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S and S generate from the starting “basis vector” of each group all the 22~1x 25~! members.
Each group contains the Hermitian conjugated partner of any member; 251 members of each group
are products of only (self adjoint) projectors.

Let us call the Clifford even “basis vectors” ifl?ﬁ, where ¢ = (I,1I) denotes the two groups of
Clifford even “basis vectors”, while m and f determine membership of “basis vectors” in any of the two
groups, [ or I1.

d = 2(2n+1)

R 03 12 d—1d . 03 12 d—1d
LAY =(+i)(+) - [+, HAT =(=i)(+) -+ [+]
LA =[] - [+ TR ) [S)(4) - [
LB =) ()) - [-] (), A () (H)(+) - [-] (),
4 — an
R 03 12 d—1d . 03 12 d—1d
A =(+i)(+) - (+), HAT =(=)(+) - (+)
AR —[i)[=a](+) - (), T (][ () - () .
LA =(H) () - L TA =) - [F] ]

(17)

There are 22! x 251 Clifford even “basis vectors” of the kind ! A}"T and there are 251 x 25~ Clifford

even “basis vectors” of the kind !/ ./Zl;nT

Table 1, presented in Subsect. 2.3, illustrates properties of the Clifford odd and Clifford even “basis
vectors” on the case of d = (5 + 1). Looking at this case it is easy to evaluate properties of either
even or odd “basis vectors”. We shall discuss in this subsection the general case by carefully inspecting
properties of both kinds of “basis vectors”.

The Clifford even “basis vectors” belonging to two different groups are orthogonal due to the fact
that they differ in the sign of one nilpotent or one projector, or the algebraic product of a member

of one group with a member of another group gives zero according to the first two lines of Eq. (47):
ab ab ab ab ab ab

(k)[k]= 0, [k}(=F)= 0, [K][-k]= 0.
TAT s ) TATT = 0= LA™ oy TATY (18)
The members of each of these two groups have the property

= (1,1
Oor zero .

TATT sy TATT { A (19)

For a chosen (m, f, f*) there is only one m’ (out of 22~!) which gives nonzero contribution.
Two “basis vectors”, iA}"T and iA’JZ",” T, the algebraic product, * 4, of which gives non zero contribution,
“scatter” into the third one ifl;"fT, for i = (I,II).

Let us treat a particular case in d = 2(2n + 1)-dimensional internal space, like:
A 03 12 56 d—3d—2d—1d 03 12 56 d—3d—2d—1d 03 12 56 d—3d—2d—1d
I.A?T =(+i)(+)(+) ... (+) [+ *a [—[-](=) ... (=) [+] = (F)(+H)[+] ... [+] [+], what follows
if the first two lines of Eq. (47) are taken into account. The eigenvalues of the Cartan subalgebra members
03 12 56 d—3d—2d—1d 03 12 56 d—3d—2d—1d
of (+i)(+)(+) ... (+) [+] are (4,1,1,1,...,1,0), of [—i][-](—) ... (=) [+] are (0,0,—1,—1,...,—1,0),
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03 12 56  d—3d—2d—1d
and of (+¢)(+)[+] ... [+] [+] are (i,1,0,0,...,0,0). The sum of the Cartan subalgebra eigenvalues of the

two scattered Clifford even “basis vectors” leads to the eigenvalues (i, 1,0,0,...,0,0) of the third Clifford even
“basis vector”.
It remains to evaluate the algebraic application, 4, of the Clifford even “basis vectors” !/ ./Zl;”T on
the Clifford odd “basis vectors” l;?flT. One finds, taking into account Eq. (47), for ! A;ch
Lt o ot
AT 5, O — 7 20
forATS { or zero (20)
For each ! A’}"”T there are among 22 % x 22~! members of the Clifford odd “basis vectors” (describing
the internal space of fermion fields) 22~! members, E?IT, fulfilling the relation of Eq. (20). All the rest

(2571 x (2871 — 1)) Clifford odd “basis vectors” give zero contributions. Or equivalently, there are 251
pairs of quantum numbers (f, m’) for which b?ﬁ £ 0.

Taking into account Eq. (47) one finds

ZA)?T * 4 IA;Z’T =0, V(m,m'f ). (21)

Let us treat a particular case in d = 2(2n + 1)-dimensional space:
o ami, 03 12 56 d—3d—2d—14d oy, 03 1256 d—3d—2d—1d ot 0312 56 d—3d—2d—1d

A (E(F) () () - (1) [HD)xa b E(ED)(E)) - (5) (1) = b EHHF - [ ()
The S* (meaning S, 812, 8% ... §9=14) say for the above case that the boson field with the quantum num-
bers (i,1,1,...,1,0) when “scattering” on the fermion field with the Cartan subalgebra quantum numbers
(893 512 956 gd—=3d=2 Sdild) = (—%, —%, —%, A —%, %), and the family quantum numbers (—%, —%, —%, ..
—%, %) transfers to the fermion field its quantum numbers (i,1,1,...,1,0), transforming fermion family mem-
bers quantum numbers to (%, %, %, R %, %), leaving family quantum numbers unchanged.

Egs. (20, 21) demonstrates that A?T, applying on IA)?TIT, transforms the Clifford odd “basis vector”
into another Clifford odd “basis vector” of the same family, transferring to the Clifford odd “basis
vector” integer spins, or gives zero.

For “scattering” the Cifford even “basis vectors” !/ A}nT on the Clifford odd “basis vectors” B?IT it
follows

HAT 5, DR =0, Y(m,m!, f, f), (22)
while we get
b, AT —>{ b (23)
roA Y Or Zero,

1

For each IS?T there are among 251 x 251 members of the Clifford even “basis vectors” (describing

the internal space of boson fields) , 7 A?/T, 25~1 members (with appropriate f* and m’) fulfilling the
relation of Bq. (23) while £ runs over (1 —2271).
All the rest (2%*1 X (2%*1 — 1)) Clifford even“basis vectors” give zero contributions.

Or equivalently, there are 251 pairs of quantum numbers (f’, m’) for which lA);”L and 7 A?/T give non

zero contribution. 2mm Let us treat a particular case in d = 2(2n + 1)-dimensional space:
56 d—3d—2d—1d 56 d—3d—2d—1d 03 12 56 d—3d—2d—1d

AmT:ES' 1_2 56 i I imt 03‘ 12 - N P R T T ol i
b (=(=)(=)(=) - (=) (F))xa TALEF)H(E) - () [H) = b G ] ] (1)

When the fermion field with the Cartan subalgebra family members quantum numbers (S%,S%2 8§56
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Gd=3d=2 gd=ldy _ (—%, —%, —%, ce —%, %) and family quantum numbers (5'03, G2 G§56  Gd—3d—2 gd_ld)
(—%, —%, —%, ce —%, %) “absorbs” a boson field with the Cartan subalgebra quantum numbers S% (mean-
ing 8%, 812,85 . §9-14) equal to (i,1,1,...,1,0), the fermion field changes the family quantum numbers
(5’03, Sh2 §56  Gd—3d-2 S’dfld) to (%, %, %, ol %, %), keeping family members quantum numbers unchanged.

Egs. (22, 23) demonstrate that A;Z/T, “absorbed” by ZA)}”T, transforms the Clifford odd “basis vector”
into the Clifford odd “basis vector” of the same family member and of another family, or gives zero.

The Clifford even “basis vectors” offer the description of the internal space of the gauge fields of the
corresponding fermion fields.

While the Clifford odd “basis vectors”, I;mT, offer the description of the internal space of the sec-
ond quantized anti-commuting fermion fields, appearing in families, the Clifford even “basis vectors”,
Li A?T, offer the description of the internal space of the second quantized commuting boson fields,

having no families and appearing in two groups. One of the two groups, ! fl?ﬁ, transferring their inte-

ger quantum numbers to the Clifford odd “basis vectors”, ZA)?LT, changes the family members quantum
numbers leaving the family quantum numbers unchanged. The second group, transferring their integer
quantum numbers to the Clifford odd “basis vector”, changes the family quantum numbers leaving the
family members quantum numbers unchanged.

Both groups of Clifford even “basis vectors” manifest as the gauge fields of the corresponding fermion
fields: One concerning the family members quantum numbers, the other concerning the family quantum
numbers.

We shall discus properties of the Clifford even and odd “basis vectors” for d = (5 + 1)- dimensional
internal spaces in Subsect. 2.3 in more details.

2.2.2 Clifford odd and even “basis vectors” in d odd

Let us shortly overview properties of the fermion and boson “basis vectors” in odd dimensional spaces,
as presented in Ref. [20], Subsect. 2.2.

In even dimensional spaces the Clifford odd “basis vectors” fulfil the postulates for the second
quantized fermion fields, Eq. (16), and the Clifford even ”basis vectors” have the properties of the
internal spaces of their corresponding gauge fields, Eqs. (19, 20, 23). In odd dimensional spaces, the
Clifford odd and even "basis vectors” have unusual properties resembling properties of the internal
spaces of the Faddeev—Popov ghosts, as we described in [20].

In d = (2n + 1)-dimensional cases, n = 1,2, ..., half of the “basis vectors”, 2% ~! x 2% 1

taken from the 2n-dimensional part of space, presented in Eqgs. (12, 13, 17, 19).

, can be

The rest of the “basis vectors” in odd dimensional spaces, 23 =1 x 2% =1 follow if $°2"*! is applied
on these half of the “basis vectors”. Since S°?"*! are Clifford even operators, they do not change the
oddness or evenness of the “basis vectors”.

For the Clifford odd “basis vectors”, the 2“7 ~! members appearing in 2“7 ! families and repre-
senting the part which is the same as in even, d = 2n, dimensional space are present on the left-hand
side of Eq. (24), the part obtained by applying S°2"*! on the one of the left-hand side is presented on
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the right hand side. Below the “basis vectors” and their Hermitian conjugated partners are presented.

d= 22n+1)+1
STl 03. 12 56 d—2d—1 S 1t B 03. 12 56 d—2d—1 d
by =(+i)(+)(+) -+ () baa,  =HIEHE) - () 27
A2d§1_h{ 03 12 56 d—2d—.1“ ;.22151_1T 03 12 56 d—2d—-1 d
by =[—i[=](+) - -] bya iy =(F)[=(+) - =] %,
R 03 12 56 d—2d—-1 . 7 03 12 56 d—2d—1
bl =(=)(=) (=) (=) , bl@,lﬂ =[+i](=)(=) - (=) 2%,

(24)

The application of S% or S on the left-hand side of the “basis vectors” (and the Hermitian conju-
gated partners of both) generate the whole set of 2 x 272 members of the Clifford odd “basis vectors”
and their Hermitian conjugated partners in d = (2n + 1)- dimensional space appearing on the left-hand
side and the right-hand sides of Eq. (24).

It is not difficult to see that BZ%* . and IS;”# L1y, OO the right-hand side of Eq. (24) obtain
properties of the two groups (they are J[)rthogonal to each other; the algebraic products, %4, of a
member from one group, and any member of another group give zero) with the Hermitian conjugated
partners within the same group; they have properties of the Clifford even “basis vectors” from the point
of view of the Hermiticity property: The operators v* are up to a constant the self-adjoint operators,
while S% transform one nilpotent into a projector.

S?% do not change the Clifford oddness of E?T, and l;?“, B?T remain to be Clifford odd objects, how-
ever, with the properties of boson fields.

Let us find the Clifford even “basis vectors” in odd dimensional space d = 2(2n + 1) + 1.

d= 22n+1)+1
I 1t 03. 12 56 d—2d—1 I 1t 03. 12 56 d—2d—1 d
A =) - H A iams oy =) - A
d-1_y 03 12 56 d—2d—1 a1y 03 12 56 d—2d—1
TAAT === o, AL = Y
7 41t 03‘ 12 56 d—2d—‘1” :TI 14 03. 12 56 d—2d—1 d
A == ) e Ayaroayy =[H]H)H) - H T,

(25)

The right hand side of Eq. (24), although anti-commuting, is resembling the properties of the Clifford
even “basis vectors” on the left hand side of Eq. (25), while the right-hand side of Eq. (25), although
commuting, resembles the properties of the Clifford odd “basis vectors”, from the left hand side of
Eq. (24): 4 are up to a constant the self adjoint operators, while S% transform one nilpotent into a
projector (or one projector into a nilpotent). However, S* do not change Clifford eveness of ! A?T,z’ =
(I,11).
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For illustration let me copy the special case for d = (4 + 1) from Subsect.3.2.2. of Ref. [20].

d= 441
Clifford odd
N 03 12 N 03 12 N 03 12 N 03 12
bit =(+0)[+], by =[+il(+), 03T =[=a[]+°, by =(=i)(+) 7",
N 03 12 N 03 12 N 03 12 N 03 12
82T =[—a (=), B3 =(=9)[-], b2T =(+i) (=) +°, B3 =[+a[-] 4",
1 03. 12 A1 03. 12 -1 03‘ 12 5 -1 03’ 12 5
by =(=D)[H], b =[+i1(—), by =[+il[+] +°, by =(=i)(—) +°,
N 03 12 N 03 12 N 03 12 N 03 12
b3 =[—i(+), b3 =(+i)[-], b3 =(+)() +°, b5 =[—il[-]1 4",
Clifford even
03 12 03 12 03 12 - 03 12
TAN ], TAY =(+9) (), TAY =(=0[H1+°, 1A} =[—aH) +°,
03 12 03 12 03 12 03 12
TAT =(=i)(=i), TAZT =[], TAS =[+1(5) 4°, A2 =(+0)[=) 4,
03 12 03 12 03 12 03 12
Tt =1=a), Ayt ==oH), AL =) ~+°, AL =(+a+) +°,
03 12 03 12 03 12 03 12
A2 =(+i)(5), TTAST =[+i[-), HAZY =[—i)(=) ~°, TTATT =(=0)[-] +°. (26)

It can clearly be seen that the left-hand side of the Clifford odd “basis vectors” and the right-hand side of
the Clifford even “basis vectors”, although the former are the Clifford odd objects and the latter are Clifford
even objects, have similar properties [20].

2.3 Example demonstrating properties of Clifford odd and even “basis
vectors” for d = (5+ 1)

Subsect. 2.3 demonstrates the properties of the Clifford odd and even “basis vectors” in the special case
when d = (5 + 1) to clear up the relations of the Clifford odd and even “basis vectors” to fermion and
boson fields, respectively.

Table 1 presents the 64 (= 2976) “eigenvectors” of the Cartan subalgebra members of the Lorentz
algebra, S% and S, Eq. (8).

The Clifford odd “basis vectors” — they appear in 4 (= 2%_1) families, each family has 4 members
— are products of an odd number of nilpotents, either of three or one. They appear in the group
named odd I ?)?T Their Hermitian conjugated partners appear in the second group named odd I l;;”
Within each of these two groups the members are mutually orthogonal (which can be checked by using
Eq. (47)); B}”T * 4 ZA);Z/T = 0 for all (m,m’, f, f*). Equivalently, lA);” * 4 ZA)’)P/ = 0 for all (m,m/, f, f). The
“basis vectors” and their Hermitian conjugated partners are normalized as

< wocﬁ)}n *A B}rf”[ woc >= 6mml5ff‘ 5 (27>

1 03 12 56 03 12 56 03 12 56 03 12 56

since the vacuum state |¢,. >= T ([=i[=][=] + [=9[+][+] + [+ [=][+] + [+9][+][—]) is normal-

ized to one: < Y|t >= 1.
The more extended overview of the properties of the Clifford odd “basis vectors” and their Hermitian
conjugated partners for the case d = (5 + 1) can be found in Ref. [14].

The Clifford even “basis vectors” are products of an even number of nilpotents - of eith%r two
. . . . . =6 =6
or none in this case. They are presented in Table 1 in two groups, each with 16 (=22 ! x 273 1)
members, as even I A;nT and even I .A?’T. One can easily check, using Eq. (47), that the algebraic
product IA;?T*A HA?L/T =0= H.A?LT*A IA}rf/T,V(m,m’,f.f‘), Eq. (18). An overview of the Clifford
even “basis vectors” and their Hermitian conjugated partners for the case d = (5 + 1) can be found in
Ref. [17].
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Table 1: 2¢ = 64 “eigenvectors” of the Cartan subalgebra of the Clifford odd and even algebras —
the superposition of odd and even products of ¥*’s — in d = (5 + 1)-dimensional space are presented,
divided into four groups. The first group, odd I, is chosen to represent “basis vectors”, named B}”T,
appearing in 251 = 4 “families” (f = 1,2,3,4), each "family” with 2571 = 4 “family” members
(m = 1,2,3,4). The second group, odd I, contains Hermitian conjugated partners of the first group
for each family separately, l;;” = (ZAJTJZ"”T)T Either odd I or odd Il are products of an odd number of

nilpotents (one or three) and projectors (two or three). The “family” quantum numbers of IS}”T, that

is the eigenvalues of (59,52, $%) are for the first odd I group appearing above each “family”, the
quantum numbers of the family members (S, S, S50) are written in the last three columns. For
the Hermitian conjugated partners of odd I, presented in the group odd II, the quantum numbers
(59,512 556) are presented above each group of the Hermitian conjugated partners, the last three
columns tell eigenvalues of (5%, 512, 5%). The two groups with the even number of y*’s, even Iand even
I, each group has their Hermitian conjugated partners within its group, have the quantum numbers f,
that is the eigenvalues of ($%, 512, 556) written above column of four members, the quantum numbers
of the members, (5%, 512, 5%) are written in the last three columns. To find the quantum numbers of
(893,812 8%) one has to take into account that S® = §o 4 §ab.

""basis vectors'’ m f=1 f=2 f=3 f=4
(593,812,8%) | - | 4, -3, - | -5.-3. 5 | (-%.3.-D (.31 503 | gtz | 56
N 03 12 56 03 12 56 03 12 56 03 12 56 .
odd I b1 1 (+0) [+ [+] [+el[+1(+) [+ (H) [+] () (H)(+) 3 3
2 [=il(=)[+] (=) (=)(+) (=) [-]1[+] [—4][=1(+) -5 f%
3 [—4][+](—) (=) [+][-] (=) (+)(-) [—il(+)[-] -% 3| -
4 (+9)(=)(=) [+i(—)[-] [+il[-1(-) +) =[] 2| -5 | -3
(503,512,556) N (7%’%7%> (%1%17%) <%’7%7%) (7%17%17%) L§03 s‘«l? 5«56
03 12 56 03 12 56 03 12 56 03 12 56
odd IT b 1 (=) [+][+] [+4[+]1(—) [+ (=) [+] (=) (=)(—) *5 -3 -
2 [=i () [+] (+3)(+) (=) (+3) [=1[+] [=i][=1(=) 5 % -
3 [—a[+)(+) (+)[+][-] (+) (=) (+) [—il(=)[-] 3 | 73 2
4 (=) () () [+ (+H)[-] [+4][=1(+) (=) [-][-] -3 3 3
(89,812,585 | 5 | 55D | G=bb | Ch-hob | God-h | 5% | 512 | s
03 12 56 03 12 56 03 12 6 03 12 56
even I T AT 1 [+ () (+) (+8)[+](+) [+i][+][+] (+i) (+)[+] Z 3
2 (=) [=1(+) [—i(=)(+) (=) (=)[+] [=4][—][+] -3 f%
3 (=) ()] [=4][+][-] (=) [+1(=) [l () (=) -3 2 -
4 [+4l[-11-] (+9) ()] [+ (=) (=) +D)[=1(-) sl -3 1 -3
(898,512,556 | — +4hH -%-30H | G.-3- (=%, 3,-3) | s | st2 | 556
03 12 56 03 2 56 03 12 56 03 12 56
even ITTT AT | 1 | [—i(+)(+) (=)[+H) [—il[+][+] (=) (+)[+] -3 5
2 (+9)[=1(+) [+ (=) (+) (+4) (=) [+] [+4][=1[+] 3 f%
3 (+4)(+)[-] [+4][+][-] (+9)[+]1(=) [+ (+) (=) 5 2 -
4 [=i][-][-] (=) (=)[-] [=3(=) (=) (=) [=](=) -3 -3 -
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While the Clifford odd “basis vectors” are (chosen to be) left handed, I®*!) = —1, their Hermitian
conjugated partners have opposite handedness, Eq. 45 in App. C °.

While the Clifford odd “basis vectors” have half integer eigenvalues of the Cartan subalgebra mem-
bers, Eq. (8), that is of 5%, 8" 5% in this particular case of d = (5 + 1), the Clifford even “basis
vectors” have integer spins, obtained by S% = 03 4 5§03 §12 — §12 4 §12 G56 — §56 | G56,

Let us check what does the algebraic application, *4, of .A? 4”, for example, presented in Table 1

in the first line of the fourth column of even I, do on the Clifford odd “basis vector” b? 5> ', presented in
odd I as the second member of the second column. (This can easily be evaluated by taking into account
Eq. (47) for any m.)

03 12 56 03 12 56 03 12 56

LA () ()] #a b3 (== () (+) = by (S [H (). (28)

The sign — means that the relation is valid up to the constant. The Hermitian conjugated partner of
A s T A2

Let us check the Cartan subalgebra quantum numbers of this scatterlng : I.Zl "has (89,812, 8%) =
(i,1,0), by has (S%,8'2,8%) = (—i,~1 1yand (S%,512,5%) = (—i, 1 1) and by' has (S%, s12 ,556)

(£,1,1) and (59,52, 8%) = (=, —1 1) This means that Clifford even “basis vector” changes the
family members quantum numbers of the Clifford odd “basis vector”, leaving the family quantum

numbers unchanged.
03 12 56

One can find that the algebraic application, x4, of / ALY (=[+i][+][+]) on b1" leads to the same family
member of the same family f = 1, namely to b

Calculating the eigenvalues of the Cartan subalgebra members, Eq. (8), before and after the algebraic
multiplication, * 4, assures us that ! Ag” carry the integer eigenvalues of the Cartan subalgebra members,
namely of 8% = §% 4 S gince they transfer to the Clifford odd “basis vector” integer eigenvalues
of the Cartan subalgebra members, changing the Clifford odd “basis vector” into another Clifford odd
“basis vector” of the same family.

We, therefore, confirm that the algebraic application of flg" ,m=1,234, on IS}T transforms lAﬁT
into IA)TT, m = (1,2,3,4). Similarly we find that the algebraic application of IA ,m = (1,2,3,4) on lA)%Jr
transforms B?T into ZJTT,TI’L = (1,2,3,4). The algebraic application of IA2 ,m= (1,2, 3,4) on l;PI’T transforms
IA):I’T into I;TT,m = (1,2,3,4). And the algebraic application of TAm m = (1,2,3,4) on IA)leT transforms 511“ into
0 m = (1,2,3,4).

One easily checks Eq. (21) if taking into account Eq. (47); like: B%T sA TAT =0, (m = (1,2,3,4)), since
either ((—(1)—32'))2 =0or [f] * A [1—2]: 0 or[iij](ff): 0.

Similarly, one can check Eq. (22) by evaluating, for example, I/ .,Zl * A b1 , since either (12) * A [f]: 0 or
12 56
[=I[+]=0.

Let us check the validity of Eq (23) on the case: bi' x4 AT = by' for m = 1, and zero for m =
(2,3,4), while b} x4 H.Al — (b, byt it b3T) for f = (1,2,3,4). All 1 A giving non zero contributions,
keep the family member quantum numbers of the Clifford odd “basis vectors” unchanged, changing the
family quantum number. All the rest give zero contribution.

The statements of Eq. (20, 21, 22, 23), are, therefore, demonstrated on the case of d = (5 + 1).

The Cartan subalgebra has in d = (5 + 1)-dimensional space 3 members. To illustrate that the
Clifford even “basis vectors” have the properties of the gauge fields of the corresponding Clifford odd

03 12 56 03 12 56
9Let us check the hadedness of the chosen representation: T+1h}T (=(++4)[+][+]) = /(—1)5(2)353512.8%6 ((44)[+][+]
a3 03 12 56 03 12 56 '

) = SRS AL (D) [H ) = —L((+)[+H][+))-
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(0,0,-1/2)
(-1/2,1/2V3,1/6)

Q- R @(1/2,1/2¢3,1/6) o

(0,-1/V3,1/6) O

Figure 1: The representations of the subgroups SU(3) and U(1) of the group SO(5, 1), the properties

of which appear in Tables (1, 2) for the Clifford odd “basis vectors”, are presented. (73,78, 1) can

be calculated if using Eq. (29). On the abscissa axis, on the ordinate axis and on the third axis, the

eigenvalues of the superposition of the three Cartan subalgebra members, (73, 78, 7/), are presented.

One notices one triplet, denoted by (O with the values 7/ = i, (r* = -1 7% = ﬁg,T/ =3), (7 =

6’
2,78 = ﬁgm’ =3), (*=0,7"= —\%,T’ = 1), respectively, and one singlet denoted by the square.
(3=0,7=0,7 = —%) The triplet and the singlet appear in four families, with the family quantum

numbers presented in the last three columns of Table 2.

“basis vectors” let us study properties of the SU(3) xU(1) subgroups of the Clifford odd and Clifford
even “basis vectors”. We need the relations between S and (73,78, 7")

=

1
(_512_1803)’ 7'8:2—\/§<—7;803+512—2556),

1
7_/ — _g(_i5«03 +5«12 _}_556)‘ (29)

1
2

The corresponding relations for (73,78, 7/) can be read from Eq. (29), if replacing S® by 5.
The corresponding relations for superposition of the Cartan subalgebra elements (7' , 73, 78) for
S = S + S follow if in Eq. (29) S is replaced by S%.

In Tables (2, 3) the Clifford odd and even “basis vectors” (l;}”T and T A, respectively) are presented

as products of nilpotents (odd number of nilpotents for I;TT and even number of nilpotents for / A’JP)
and projectors: Like in Table 1. Besides the eigenvalues of the Cartan subalgebra members of Eq. (8)
also (73,78, 7") are added on both tables. In Table 2 also (73,7%,7) are written. In Fig. (1) only one
family is presented; all four families have the same (72,78, 7), they only distinguish in (7,78, 7) .
The corresponding table for the Clifford even “basis vectors” ! A? are not presented. ! fl;c” carry,
namely, the same quantum numbers (72,7%,7) as ! fl?’ There are only products of nilpotents and
projectors which distinguish among ’ fl’}l and ! flm, causing differences in properties with respect to the
Clifford odd “basis vectors”; 11 /l}”' transform E?T with a family member m of particular family f into

I;?,T of the same family member m of another family f”. ! /l;” transform a family member of particular

family IA)??/T into another family member m of the same family B?T (Let us remind the reader that
the SO(5, 1) group and the SU(3),U(1) subgroups have the same number of commuting operators, but
different number of generators; SO(5, 1) has 15 generators, SU(3) and U(1) have together 9 generators.)

In the case that the group SO(5,1) — manifesting as SU(3) x U(1) and representing the colour
group with quantum numbers (73, 78) and the “fermion” group with the quantum number 7 is
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Table 2: The "basis vectors” IA)?‘T are presented for d = (5 + 1)-dimensional case. Each IA)’J?T is a product
of projectors and of an odd number of nilpotents and is the ”eigenvector” of all the Cartan subalgebra
members, (5%, 12, §%) and (5%, 512, §%), Eq. (8), m counts the members of each family, while f
determines the family quantum numbers (the eigenvalues of (5%, S'2, §56)). This table also presents
in the columns (8 9" 10) the eigenvalues of the three commuting operators (73,78 and 7') of the
subgroups SU(3) x U(1), Eq. (29), as well as (in the last three columns) the corresponding (7%, 7%, 7).

DG+ = 409919243 is written in the 7" column. '+ = —1 (= —4%9142434546). Operators b?ﬁ and

I;? fulfil the anti-commutation relations of Eq. (16).

f m B;n'f SO3 512 556 F3+1 7_3 7—8 ! 503 §12 556 7~_3 7—_8 7~_‘
AR Y Y N R e e e
L NN R A S A S R I N IO B 0 I O I O O O o
SO
N e e e e o S I I I R c o
G T LRGN 0 T U T N N - O 0 N O s 3 s 1 O O~
R Y Y N N e R R
2 CoOIA | bbb ] o=k | b || ] of-F | 4
3 GO | —h | b b b | b || | of- | 4
s S| s s s s s s s s e -] s
A R Y N R e
:
2 COENE | < | -h | 3| n| o= b i F|-b| 4] | 4
,
N N A S I S A O I I o B N I 0 O I O e O o
G e e e A A A A A e e A A I
vl o@ei® | s 3l s o] ol bl 5] 5] 4| o o]
2 @ | -F | -3 | % Lo - | & %] 5| o o] -1
s PaOIC | <5 | A 4| k| e | A E] E| F| of o] -3
s GoEne | sl -4 -4] | 3] | 4] 4] 4] 4| of of-}
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embedded into SO(13,1) the triplet would represent quarks (and antiquarks), and the singlet leptons
(and antileptons).

The corresponding gauge fields, presented in Table 3 and Fig. 2, if belonging to the sextet, would
transform the triplet of quarks among themselves, changing the colour and leaving the “fermion” quan-
tum number equal to %.

Table 3 presents the Clifford even “basis vectors” ! A?T for d = (5+ 1) with the properties:
ab ab
i. They are products of an even number of nilpotents, (k), with the rest up to g of projectors, [k].
ii. Nilpotents and projectors are eigenvectors of the Cartan subalgebra members S = §% 4 S,
Eq. (8), carrying the integer eigenvalues of the Cartan subalgebra members.

iii. They have their Hermitian conjugated partners within the same group of ! fl;m (with 251
22! members).

iv. They have properties of the boson gauge fields. When the Clifford even “basis vectors”, ! AfmT,
apply on the Clifford odd “basis vectors” (offering the description of the fermion fields) they transform
the Clifford odd “basis vectors” into another Clifford odd “basis vectors” of the same family, transferring
to the Clifford odd “basis vectors” the integer spins with respect to the SO(d — 1,1) group, while with
respect to subgroups of the SO(d—1, 1) group they transfer appropriate superposition of the eigenvalues
(manifesting the properties of the adjoint representations of the corresponding subgroups.)

If, for example, ! A3 apphes on a srnglet b 1 keeps the internal space of b1 unchanged (it can change only
momentum), while if / -’43 applies on b1 transforms it to a member of a triplet, to b

We can see that TAJ"" with (m = 2,3,4), if applied on the SU(3) singlet b4T with (7' = =1, 73 =

27
0,78 = 0), transforms it to bm( % 34)*, respectively, which are members of the SU(3) triplet. All these
Clifford even “basis vectors” have 7/ equal to Z, changing correspondingly 7/ = —% into 7 = = and

3 )
bringing the needed values of 73 and 7°.

In Table 3 we find (6 +4) Clifford even “basis vectors” A}nT with 7/ = 0. Six of them are Hermitian
conjugated to each other — the Hermitian conjugated partners are denoted by the same geometric figure
on the third column. Four of them are self-adjoint and correspondingly with (7" = 0,72 = 0,7 = 0),

denoted in the third column of Table 3 by (0. The rest 6 Clifford even “basis vectors” belong to one

triplet with 7/ = § and (7°,7°) equal to [(0, =), (=3, ﬁg)’ (3, ﬁg)] and one antitriplet with 7/ = —2

and ((73,7%) equal to [(—%,—ﬁg), (%v_ﬁg)v (O,\/Lg)]

Each triplet has Hermitian conjugated partners in anti-triplet and opposite. In Table 3 the Hermitian
conjugated partners of the triplet and antitriplet are denoted by the same signum: ( A” ! A;”) by x*,
(TAT, 1A by o, and (TAZF, TAY) by 0.

The octet, two triplets and four singlets are presented in Fig. 2.

1
6

Fig. 2 represents the 251 x 251 members . fl}” of the Clifford even “basis vectors” for the case that

d = (5+1). The properties of ! ,Zl:[‘ are presented also in Table 3. Manifesting the structure of subgroups
SU(3) x U(1) of the group SO(5,1) they are represented as eigenvectors of the superposition of the
Cartan subalgebra members (§%, 82, §%), that is with 7% = (=8 —iS%), 7° = ;1=(8"-iS"-25%),
and 7/ = —3(8'2 — iS" + §%). There are four self adjoint Clifford even “basis vectors” with (79 =
0,78 = 0,7/ = 0), one sextet of three pairs Hermitian conjugated to each other, one triplet and one
antitriplet with the members of the triplet Hermitian conjugated to the corresponding members of the
antitriplet and opposite. These 16 members of the Clifford even “basis vectors” ! ,Zl}” are the gauge

fields “partners” of the Clifford odd “basis vectors” E;”T, presented in Fig. 1 for one of four families,

anyone. The reader can check that the algebraic application of Am, belonging to the triplet transforms
applying on the Clifford odd singlet, denoted in Fig. 1 by a square, this singlet to one of the members
of the triplet, denoted in Fig. 1 by the circle ().
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8 (0,1v3,-2/3)

-1/2,-1/2v3), 213/ -

. (U2,-1/(2v3),-2/3)
@
(127320 @ § - /2,3/2,0)

(-1,0,0) #:’/
T

(1/2.-v3/2.0) L@ (1/2,-V3/2,0)

A -
(-1/2,1/(2V3),2/3) a2.1/2v3) k)
LR

&6 (0,-13,2/3)

Figure 2: The Clifford even ”basis vectors” ! A?T in the case that d = (5 + 1) are presented concerning
the eigenvalues of the commuting operators of the subgroups SU(3) and U(1) of the group SO(5,1),
Eq. (29): (73, 78, 7). Their properties appear in Table 3. The abscissa axis carries the eigenvalues
of 73, the ordinate axis carries the eigenvalues of 78 and the third axis carries the eigenvalues of
7/. One notices four singlets with (72 = 0,78 = 0,77 = 0), denoted by (O, representing four self
adjoint Clifford even ”basis vectors” IA?T, with (f =1,m =4), (f =2,m =3), (f =3,m = 1),
(f = 4,m = 2), one sextet of three pairs, Hermitian conjugated to each other, with 7/ = 0, denoted

by A (FA? with (7 = 0,7% = -1 = _%g) and LA} with (7' = 0,7% = 18 = %)), by 1

(A with (7' = 0,73 = —1,78 = 0) and TAY with 7/ = 0,73 = 1,78 = 0)), and by ® (A3 with
(r'=0,7=1r%= —%) and A3 with (7' = 0,73 = -1, 78 = %)), and one triplet, denoted by »x
(TAST with (7' = 2rt=218= ﬁg))’ by o (LA with (7 = 2t =218 = ﬁg»’ and by 06 (LA}
with (77 = %,73 =0,7% = —\/Lg)), as well as one antitriplet, Hermitian conjugated to triplet, denoted
by *% (IfliT with (7' = —2,7° = -3, 7% = _ﬁg))’ by e (TAY with (7' = 2,73 =1 78 = _ﬁg))v and
by 00 (FAY with (7 = —27=0,7"= %))

) 9 \/§
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Table 3: The Clifford even “basis vectors” ! A?T, each of them is the product of projectors and an
even number of nilpotents, and each is the eigenvector of all the Cartan subalgebra members, S%, S2,
S5 BEq. (8), are presented for d = (5 + 1)-dimensional case. Indexes m and f determine 22! x 22!
different members ! /l;nT In the third column the “basis vectors” fl;ch which are Hermitian conjugated
partners to each other (and can therefore annihilate each other) are pointed out with the same symbol.
For example, with xx are equipped the first member with m = 1 and f = 1 and the last member of
f = 3 with m = 4. The sign O denotes the Clifford even “basis vectors” which are self-adjoint ( A}"T)T

=1 A?IT. It is obvious that T has no meaning, since ! ./Zl}nT are self adjoint or are Hermitian conjugated

partner to another ‘ A™1. This table also represents the eigenvalues of the three commuting operators
73,78 and 7/ of the subgroups SU(3) x U(1).

f m - IA}ILT 503 S12 556 3 8 -
03 12 56
1 1 *k [+4] (+)(+) 0 1 1] -3 —ﬁ -2
03 12 56
2 A (=) [=1(+) —i 0 1| -3 | —35 0
03 12 56
3 | (=) () [—) —i 1 0 -1 0 0
03 12 56
4 O [+4] [—] [—] 0 0 0 0 0 0
03 12 56
II 1 o | (+9) [+ (+) i 0 1 : 7ﬁ -2
03 12 56 1 3
2 ® | (=il (=) (+) 0 -1 1 3|~ 0
03 12 56
3 O [—4] [+] [-] 0 0 0 0 0 0
03 12 56
4 | (+9) (=) [-] i -1 0 1 0 0
03 12 56
III 1 @) [+4] [+] [+] 0 0 0 0 0 0
03 12 56
2 | 0O | (=) (=) [+ —i | -1 0 0| -5 2
03 12 56 1 1 2
3 o | (=) [+](—) —i 0 -1 | -3 V3 3
03 12 56 1 1 2
4 * | [+ (=) (=) 0| -1 —1 1 s1= 2
03 12 56
vl 1ilee | Gomm | i 1| o] o | -2
03 12 56
2 O [—i] [=] [+] 0 0 0 0 0 0
03 12 56 1 3
3 ® | [=i(+) (=) 0 1 -1 | -1 PV 0
03 12 56 E ’
4 A () [=] (=) i 0 -1 1 ﬁ 0
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Looking at the boson fields ! fl?ﬁ from the point of view of subgroups SU(3) x U(1) of the group
SO(5+1) we recognize in the part of fields forming the octet the colour gauge fields of quarks and leptons
and antiquarks and antileptons. The Clifford even “basis vectors” ! A}"T transform when applying on

the Clifford odd “basis vectors” ZA);Z/T I;?IT to another (or the same) member, keeping the family member
unchanged.
We can check that although !/ A}"T have different structure of an even number of nilpotents, and

the rest of the projectors then ! A}”T, having correspondingly different properties with respect to the
Clifford odd “basis vectors”: ! /l;ch transform IA);Z/T among the family members, keeping the family

quantum numbers unchanged, / fl?ﬁ transform l;;nf into the same member of another family, keeping
the family member’s quantum number unchanged.

Both, ! fl?ﬂ and 1/ fl?ﬁ do have the equivalent figure and equivalent S® and correspondingly also
(73,78, 7') content, indistinguishable from those of 73.

Let us anyhow demonstrate properties of “scattering” of I;}”T on flqﬁlT, paying attention on SU(3)
and U(1) substructure of SO(5,1).

Let us look at the “scattering” of the kind of Eq. (28)

o, 03 1256 11 st 03 1256 o, 0312 56
by (=(=) (=) () xa AL (=(+)(H)[]) = by (E[=[=1(+), (30)

03 12 56 03 12 56

b (=(=i)(=)(+)) has (75 = 0,7% = 7' = §) and (7% = 0,7* = — 2.7 = ). b (=[~d][-](+))

~ " 03 12 56 ~ 03 12 56

If b3' absorbs 1A (=[+i](+)(—)) with (73 = -1, 78 = %,T’ = 0) becomes b2 (=(—i)[=][+]) with
quantum numbers (73 = 0,78 = —\%,T’ =3 and (7 = -4, 7% = ﬁgf/ =3).

H AZT transfers its quantum numbers to EST, changing family and leaving the family member m

unchanged.

2.4 Second quantized fermion and boson fields with internal spaces de-
scribed by Clifford “basis vectors” in even dimensional spaces

We learned in the previous Subsects. (2.2, 2.3) that in even dimensional spaces (d = 2(2n+1) or d = 4n)
the Clifford odd and the Clifford even “basis vectors”, which are the superposition of the Clifford odd
and the Clifford even products of v*’s, respectively, offer the description of the internal spaces of fermion
and boson fields.

The Clifford odd algebra offers 251 “basis vectors” Z;;”T, appearing in 251 families (with the family
quantum numbers determined by S® = {3%,4}_), which, together with their 25-1x 25! Hermitian
conjugated partners IS? fulfil the postulates for the second quantized fermion fields, Eq. (16) in this
paper, Eq.(26) in Ref. [14], explaining the second quantization postulate of Dirac.

The Clifford even algebra offers 22 ~1x 25~ “basis vectors” of ! A?’T, and the same number of 7/ AfmT,
with the properties of the second quantized boson fields manifesting as the gauge fields of fermion fields
described by the Clifford odd “basis vectors” Z;?T The commutation relations of iA;”T,i = (I,11), are
commented in the last paragraph of App. A on a simple case of d = (3+ 1). The subgroup structure of
SU(3) can be recognized on Fig. 2, leading to the commutation relations of the observed colour boson
gauge fields. However, further studies are needed to recognize what new this way of describing internal
spaces of fermion and boson fields with the Clifford algebra is offering.
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The Clifford odd and the Clifford even “basis vectors” are chosen to be products of nilpotents,
ab
(k) (with the odd number of nilpotents if describing fermions and the even number of nilpotents if
ab
describing bosons), and projectors, [k]. Nilpotents and projectors are (chosen to be) eigenvectors of

the Cartan subalgebra members of the Lorentz algebra in the internal space of S @ for the Clifford odd
“basis vectors” and of S%*(= S% + S%) for the Clifford even “basis vectors”.

To define the creation operators, for fermions or bosons, besides the “basis vectors” defining the
internal space of fermions and bosons, the basis in ordinary space in momentum or coordinate repre-
sentation is needed. Here Ref. [14], Subsect. 3.3 and App. J is overviewed.

Let us introduce the momentum part of the single-particle states. (The extended version is presented
in Ref. [14] in Subsect. 3.3 and App. J.)
7> = bL10, >, <p|=<0,|b;,
<PlP > = 6(F—P) =< 0,|bs 5[0, >,
pointing out
< Oplby byl 0y > = 00/ = 1), (31)

with the normalization < 0,]0, >= 1. While the quantized operators pand 7 commute {p*,p'}_ =0
and {2%,2'}_ =0, it follows for {p°,47}_ = in”. One correspondingly finds

<p|F> = <05|bpbLl0z >= (< 0z|bz bl [07 >)T
< Oﬁ‘{b;r,a b;/} ’015 > = 0, < Oﬁ’{bﬁv bﬁ’}—loﬁ >=0, < Oﬁ|{bﬁ7 b;[}’/}—‘oﬁ >=0,
<0z|[{bL, 0L }-10z > = 0,  <0zl{bz, bz/}_|0z >=0, < 0z|{bz, bL,}_|0;z >=0,
s 1 N L 1
N Al R — wr__ - N R T N —p Wr_____
< 05 [{bg, bL} 105 > e s < 0z [{bz, by} -|05 >=e 2t (32)

The internal space of either fermion or boson fields has the finite number of “basis vectors”, 25-1x 251
. . . . . d d
for fermions (and the same number of their Hermitian conjugated partners), and twice 227! x 227! for
bosons, the momentum basis is continuously infinite.

The creation operators for either fermions or bosons must be tensor products, *7, of both contribu-
tions, the “basis vectors” describing the internal space of fermions or bosons and the basis in ordinary
momentum or coordinate space.

The creation operators for a free massless fermion of the energy p° = |p], belonging to a family f
and to a superposition of family members m applying on the vacuum state |1, > *7 |07 > can be
written as ([14], Subsect.3.3.2, and the references therein)

b (p) = chmfpw sr O (33)

where the vacuum state for fermions |1, > %7 |07 > includes both spaces, the internal part, Eq.(46),
and the momentum part, Eq. (31) (in a tensor product for a starting single particle state with zero
momentum, from which one obtains the other single fermion states of the same ”basis vector” by the
operator I;; which pushes the momentum by an amount p '°).

10The creation operators and their Hermitian conjugated annihilation operators in the coordinate representation can be
read in [14] and the references therein: B;T(a? ) =3 me * f - 7 () g;r? e~ ip"="~P%) ([14], subsect.
3.3.2., Egs. (55,57,64) and the references therein).

-1,
(\/ﬁ)d 1
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The creation operators and annihilation operators for fermion fields fulfil the anti-commutation rela-
tions for the second quantized fermion fields ! 12,

< 05 [{b% (), BY (D)} [Yoe > 105> = 00700 65 = P) « [thoe >,
(b5, B3 }+ [oe > 105> = 0+ [thoc > |05 >,
7 1

(63 W), BT (B)} 4 [Yoe > 05> = 0+ [thoe > (05>,

b () [thoe > 105> = [03() >,
B}(ﬁ) ‘woc > ’015’ > = 0- Woc > ’017 >
P’ = ol (34)

The creation operators B?(ﬁ) and their Hermitian conjugated partners annihilation operators B‘}(ﬁ),
creating and annihilating the single fermion states, respectively, fulfil when applying the vacuum state,
|90 > *7|07 >, the anti-commutation relations for the second quantized fermions, postulated by Dirac
(Ref. [14], Subsect. 3.3.1, Sect. 5). 13

To write the creation operators for boson fields, we must take into account that boson gauge fields
have the space index «, describing the av component of the boson field in the ordinary space 4. We,
therefore, add the space index « as follows.

ARIP) = bL e (O PATT i = (1,1T). (35)

We treat free massless bosons of momentum p and energy p® = [p] and of particular “basis vectors”
iA;LT7S which are eigenvectors of all the Cartan subalgebra members '°, ‘C™, carry the space index «
of the boson field. Creation operators operate on the vacuum state |, > *r |0z > with the internal

ULet us evaluate: < Oﬁ|{6?(ﬁ), 6?(5)}4. [hoe > |05 >= 0500 0(F — P) - [thoe >= < 05|Bj’i B;T l;ﬁ/lgg +
51];55/ B?T lA)jcl Yoo > |05 >= < 05 |b% f)?f Bﬁ/l;;;*h/)oc > |07 >, since, according to Eq. (16), 13;' [oc >= 0.

Let us demonstrate for free fields [p'>= e~7'%|0, >= IA);|OP >, <Pl =< 0,]ePT =< 0,|bs
< PIF >=< 0, IA)];, 13;|0p >= 6(p) — ), < —p/|—-p >=< 0, IA)I;, by |0, >= §(=p' — (=p)) = 8(F—p), consequently
<0, {65,085} [0, >=0.

12Two fermion states (formed from two creation operators applying on the vacuum state) with the orthogonal basis part
in ordinary space (with two different momentum in ordinary space in the case of free fields) ”do not meet”; correspondingly,
each can carry the same “basis vector”. They must differ in the internal basis if they have the identical ordinary part of
the basis. (Otherwise, the tensor product, *r,,, of such two fermion states is zero.) Illustration: Let us treat an atom
with many electrons. Each electron has a spin of either 1/2 or —1/2. Their orthogonal basis in ordinary space allows them
to have the internal spin +1/2 (leading to total angular momentum either +1/2 or larger due to the angular momentum
in ordinary space). As mentioned in the introduction section in a.iii. the Hilbert space of the second quantized fermion
states is represented by the tensor products, *r,, of all possible members of creation operators from zero to infinity
applying on the simple vacuum state. For any of these members the scalar product is obtained by multiplying from the
left hand side by their Hermitian conjugated partner.

13The anti-commutation relations of Eq. (34) are valid also if we replace the vacuum state, |1, > |05 >, by the Hilbert
space of the Clifford fermions generated by the tensor products multiplication, %, , of any number of the Clifford odd
fermion states of all possible internal quantum numbers and all possible momenta (that is, of any number of B;T(ﬁ) of
any (s, f,p)), Ref. ([14], Sect. 5.).

Tn the spin-charge-family theory the Higgs’s scalars origin in the boson gauge fields with the vector index (7,8),
Ref. ([14], Sect. 7.4.1, and the references therein).

15In the general case, the energy eigenstates of bosons are in a superposition of LA, for either s = I or i = IT. One
example, which uses the superposition of the Cartan subalgebra eigenstates manifesting the SU(3) x U(1) subgroups of
the group SO(5,1), is presented in Fig. 2.
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space part just a constant, |1, >= |1 >, and for a starting single boson state with zero momentum
from which one obtains the other single boson states with the same ”basis vector” by the operators b;
which push the momentum by an amount p, making also ‘C"™, depending on p.

For the creation operators for boson fields in a coordinate representation one finds using Eqs. (31,
32)

+oo dd—l
i fm — p i Am —i OxO_a-ii: .
Afoj(x,xo) _ /_Oo —(\/%)d—l Afcj(@ il Z )|p0:|;51 i=(I,11). (36)

To understand what new the Clifford algebra description of the internal space of fermion and boson
fields, Eqgs. (35, 36, 33), bring to our understanding of the second quantized fermion and boson fields
and what new can we learn from this offer, we need to relate ) , ®Wape and me I A?T Iemy,, rec-

ognizing that ! fl?ﬂ I¢m,, are eigenstates of the Cartan subalgebra members, while W, are not. And,

equivalently, we need to relate >, B abe and Yo 7 i /l;ch Heom fa-

The gravity fields, the vielbeins and the two kinds of spin connection fields, f%., Wabas @aba, reSpec-
tively, are in the spin-charge-family theory (unifying spins, charges and families of fermions and offering
not only the explanation for all the assumptions of the standard model but also for the increasing num-
ber of phenomena observed so far) the only boson fields in d = (13 + 1), observed in d = (34 1) besides
as gravity also as all the other boson fields with the Higgs’s scalars included [11].

We, therefore, need to relate:

1 - ~m/ m! f mfim
{§Zsabwaba}26mfbfT(m related to {ZI'Af’TCa f}Zﬂ fber(ZT)7
ab m "

m/f/
VfandV g™,
S Z(cabmf Wapa) related to S (IA;”T cmiy,
ab
v (m, f),
V Cartan subalgebra member S . (37)

Let be repeated that ? A?T are chosen to be the eigenvectors of the Cartan subalgebra members, Eq. (8).
Correspondingly we can relate a particular A}HT I¢m ., with such a superposition of wyp,’s, which is the

eigenvector with the same values of the Cartan subalgebra members as there is a particular A;”TCZ” :
We can do this in two ways: )

i.  Using the first relation in Eq. (37). On the left hand side of this relation S®’s apply on b}”T part
of ch);IT (p). On the right hand side £ fl’}ﬁ apply as well on the same “basis vector” l;;“

ii. Using the second relation, in which S apply on the left hand side on wgp,’s,

SCd Z Cabmf Wabae = Z Cabmfi (chanad - wdbanac + Wacanbd - wadanbc)a (38)
ab ab

on each wgy, separately; c“bmf are constants to be determined from the second relation, where on the
right-hand side of this relation 8¢ (= S + 5°) apply on the “basis vector” ! .A?‘T of the corresponding
gauge field 6.

We must treat equivalently also / A?T Hem fo a0d Wopg-

16The reader can find the relation of Eq. (37) demonstrated for the case d = 3 + 1 in Ref. [17] at the end of Sect. 3.
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Let us conclude this section by pointing out that either the Clifford odd “basis vectors”, ZA)?T, or the

d .
1'% 2271 members, while

Clifford even “basis vectors”, ‘AT i = (I,11), have each in any even d, 25~
Waba as well as Wy have each for a particular o g(d — 1)members. It is needed to find out what new this
difference brings into the unifying theories of the Kaluza-Klein-like kind to what the spin-charge-family

belongs.

3 Conclusions

In the spin-charge-family theory [6, 8, 11, 9, 24, 12, 14] the Clifford odd algebra describes the internal
space of fermion fields. The Clifford odd “basis vectors” — the superposition of odd products of v*’s
— in a tensor product with the basis in ordinary space form the creation and annihilation operators,
in which the anti-commutativity of the “basis vectors” is transferred to the creation and annihilation
operators for fermions, explaining the second quantization postulates for fermion fields.

The Clifford odd “basis vectors” have all the properties of fermions: Half integer spins concerning the
Cartan subalgebra members of the Lorentz algebra in the internal space of fermions in even dimensional
spaces (d = 2(2n + 1) or d = 4n), as discussed in Subsects. (2.2, 2.4) (and in App A in a pedagogical
way). With respect to the subgroups of the SO(d — 1, 1) group the Clifford odd “basis vectors” appear
in the fundamental representations, as illustrated in Subsects. 2.3.

In this article, it is demonstrated that Clifford even algebra is offering the description of the internal
space of boson fields. The Clifford even “basis vectors” — the superposition of even products of v*’s —
in a tensor product with the basis in ordinary space form the creation and annihilation operators which
manifest the commuting properties of the second quantized boson fields, offering the explanation for
the second quantization postulates for boson fields [16, 17]. The Clifford even “basis vectors” have all
the properties of boson fields: Integer spins for the Cartan subalgebra members of the Lorentz algebra
in the internal space of bosons, as discussed in Subsects. 2.2.

With respect to the subgroups of the SO(d — 1, 1) group the Clifford even “basis vectors” manifest
the adjoint representations, as illustrated in Subsect. 2.3.

There are two kinds of anti-commuting algebras [6]: The Grassmann algebra, offering in d-dimensional
space 2. 2% operators (2¢ 6%’s and 2¢ %’s, Hermitian conjugated to each other, Eq. (3)), and the two Clifford
subalgebras, each with 27 operators named v*’s and 4%’s, respectively, [6, 10], Eqs. (2-6).

The operators in each of the two Clifford subalgebras appear in even-dimensional spaces in two groups of
251 251 of the Clifford odd operators (the odd products of either v*’s in one subalgebra or of 4*’s in the
other subalgebra), which are Hermitian conjugated to each other: In each Clifford odd group of any of the two
subalgebras, there appear 9251 irreducible representation each with the 9251 members and the group of their
Hermitian conjugated partners.

There are as well the Clifford even operators (the even products of either 4*’s in one subalgebra or of
A*’s in another subalgebra) which again appear in two groups of 25~1% 25~1 members each. In the case of
the Clifford even objects, the members of each group of 25~1x 25~! members have the Hermitian conjugated
partners within the same group, Subsect. 2.2, Table 1.

The Grassmann algebra operators are expressible with the operators of the two Clifford subalgebras and
opposite, Eq. (5). The two Clifford sub-algebras are independent of each other, Eq. (6), forming two independent
spaces.

Either the Grassmann algebra [12] or the two Clifford subalgebras can be used to describe the internal
space of anti-commuting objects, if the superposition of odd products of operators (0%’s or v*’s, or 4%’s) are
used to describe the internal space of these objects. The commuting objects must be a superposition of even
products of operators (0%’s or y*’s or 4%’s).

No integer spin anti-commuting objects have been observed so far, and to describe the internal space
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of the so far observed fermions only one of the two Clifford odd subalgebras are needed.

The problem can be solved by reducing the two Clifford subalgebras to only one, the one (chosen
to be) determined by 7*’s. The decision that 4’s apply on 7* as follows: {7°B = (—)?i By*} [t >,
Eq. (7), (with (=)2 = —1, if B is a function of an odd products of y%’s, otherwise (—)” = 1) enables
that 227! irreducible representations of S = 1{y*, 7*}_ (each with the 22~1 members) obtain the
family quantum numbers determined by S% = {37, 4%

The decision to use in the spin-charge-family theory in d = 2(2n+1), n > 3 (d > (13+1) indeed), the
superposition of the odd products of the Clifford algebra elements v*’s to describe the internal space of
fermions which interact with gravity only (with the vielbeins, the gauge fields of momenta, and the two
kinds of the spin connection fields, the gauge fields of S* and S, respectively), Eq. (1), offers not only
the explanation for all the assumed properties of fermions and bosons in the standard model, with the
appearance of the families of quarks and leptons and antiquarks and antileptons ([14] and the references
therein) and of the corresponding vector gauge fields and the Higgs’s scalars included [11], but also for
the appearance of the dark matter [37] in the universe, for the explanation of the matter/antimatter
asymmetry in the universe [8], and for several other observed phenomena, making several predictions [7,
35, 36, 38].

The recognition that the use of the superposition of the even products of the Clifford algebra elements
v%’s to describe the internal space of boson fields, what appears to manifest all the properties of the
observed boson fields, as demonstrated in this article, makes clear that the Clifford algebra offers not
only the explanation for the postulates of the second quantized anti-commuting fermion fields but also
for the postulates of the second quantized boson fields.

This recognition, however, offers the possibility to relate

1 S m am/ m’ mf Lm
O3 5% A B o (XA 1) 38 B,
ab m

m/! f’ m
VfandV g™,
Scd Z(Cabmf waba) to Scd (IA;YLT Icmfa) :
ab
v (m7 f)7

V Cartan subalgebra member S,

and equivalently for 7 A;nT Hem ., and @apa, what offers the possibility to replace the covariant derivative
DPoa 1 1
Poa = Pa — isabwaba - isab@aba

in Eq. (1) with

Doa = Do — ZIA;YLT Icmfa . ZIIA;YLT Ilcmfa 7
mf mf

where the relations among ! A?TIC}’Z and ! A;ﬁ HC]’Z”; with respect to wupe and Wepe, not discussed

directly in this article, need additional study and explanation.

Although the properties of the Clifford odd and even “basis vectors” and correspondingly of the
creation and annihilation operators for fermion and boson fields are, hopefully, demonstrated in this
article, yet the proposed way of the second quantization of fields, the fermion and the boson ones needs
further study to find out what new can the description of the internal space of fermions and bosons
bring into the understanding of the second quantized fields.

This study showing up that the Clifford algebra can be used to describe the internal spaces of fermion
and boson fields equivalently, offering correspondingly the explanation for the second quantization
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postulates for fermion and boson fields is opening a new insight into the quantum field theory, since
studies of the interaction of fermion fields with boson fields and of boson fields with boson fields so far
looks very promising.

The study of properties of the second quantized boson fields, the internal space of which is described
by Clifford even algebra has just started and needs further consideration.

A “Basis vectors” in d = (3+ 1)

This section, suggested by the referee, is to illustrate on a simple case of d = (3 4+ 1) the properties
of “basis vectors” when describing internal spaces of fermions and bosons by the Clifford algebra: i.
The way of constructing the “basis vectors” for fermions which appear in families and for bosons which
have no families. ii. The manifestation of anti-commutativity of the second quantized fermion fields
and commutativity of the second quantized boson fields. iii. The creation and annihilation operators,
described by a tensor product, x7, of the “basis vectors” and their Hermitian conjugated partners with
the basis in ordinary space-time.

This section is a short overview of some sections presented in the article [20], equipped by concrete
examples of “basis vectors” for fermions and bosons in d = (3 + 1).

“Basis vectors”
Let us start by arranging the “basis vectors” as a superposition of products of (operators '7) v, each
“basis vector” is the eigenvector of all the Cartan subalgebra members, Eq. (8). To achieve this, we
arrange “basis vectors” to be products of nilpotents and projectors, Eqgs. (9, 10), so that every nilpotent
and every projector is the eigenvector of one of the Cartan subalgebra members.

Example 1.
Let us notice that, for example, two nilpotents anti-commute, while one nilpotent and one projector (or two

projectors) commute due to Eq. (6):
3(° =75V = i?) = —5(v" = ir*)3(1° = +*), while 3(10 = *)3(1 +iv'y?) = 3(L+ir'?) 5 (70 = 7P).

In d = (3 + 1) there are 16 (27=%) “eigenvectors” of the Cartan subalgebra members (5%, S1?) and
(8%, 812) of the Lorentz algebras S® and S® | Eq. (8).

Half of them are the Clifford odd “basis vectors”, appearing in two irreducible representations, in
4 4 ~m
two “families” (227, f = (1,2)), each with two (227", m = (1,2)) members, b} " Eq. (39).
There is a separate group of 25 1x 2371 (Clifford odd) Hermitian conjugated partners l;T = (I;}"T)T
appearing in a separate group which is not reachable by S, Eq. (40).

There are two separate groups of 227! x 227! Clifford even "basis vectors”, ‘AT i = (I,1I), the
22-1 members of each are self-adjoint, the rest have their Hermitian conjugated partners within the
same group, Eqgs. (42, 43). )

All the members of each group are reachable by S or S® from any starting ”basis vector” i.A}T.

Example 2.

Am:l"' 03‘ 12 1 0 3\ 1 . 1.2 . . « . 9 . . . .

0y =(+)[+] (= 3(7° —7%)5(1 +1iv'y?)) is a Clifford odd “basis vector”, its Hermitian conjugated partner,
. 03 12 .

Eq. (6), is b?jll =(=)[+] (= $(7° + ¥*)3(1 + iv'+?), not reachable by either S or by S from any of two

members in any of two “families” of the group of B?T, presented in Eq. (39).

1"We repeat that we treat y* as operators, not as matrices. We write “basis vectors” as the superposition of products
of ¥%. If we want to look for a matrix representation of any operator, say S, we arrange the “basis vectors” into a
series and write a matrix of transformations caused by the operator. However, we do not need to look for the matrix
representations of the operators since we can directly calculate the application of any operators on “basis vectors”.
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ImlT 2 1 0,3)1 1.2 ImZT 0, 12 10,0 3\ (~1 P2
A (=[] [+H= 51+ 4%9%) 51 + iy'y?) s self-adjoint, " AT (=(—4)(—)= 3(7° — ) (v —iy?). Its
Hermltlan conjugated partner, belonging to the same group, is I Am ” and is reachable from ! A}n;” by the

03 03 12 12
application of SO, since 4% 4 [+i]= i (+4) and Y% 4 [+]= 7 (+).

Clifford odd “basis vectors”

Let us first present the Clifford odd anti-commuting “basis vectors”, appearing in two “families”
IS?T, and their Hermitian conjugated partners (ZA);”T)Jr Each member of the two groups is a product of one
nilpotent and one projector. We choose the right-handed Clifford odd “basis vectors” 8. Clifford odd
“basis vectors” appear in two families, each family has two members *°. Let us notice that members of
each of two families have the same quantum numbers (5% | S'?). They distinguish in “family” quantum
numbers (5%, 512).

f=1 f=2
503 — %’ %;2 1:2 _% 503 — _1 51?2 3 503 812 (39)
b! =(+i)[+] By =FrCH) 53
o 0312 o 0312 ) .
by =[=i](-) by =(=1)[-] -5 —3-
We find for their Hermitian conjugated partners
S0 §i2=1 gmB_igl2__1 Go3 g2
. 03 12 03 12 . .
by =(=i)[+] by =[+1](-) -3 —3 (40)
L, 0312 ., 03 12 S
by =[—d](+) by =(+4)[-] 3 2

The vacuum state WOC >, Eq. (46), on which the Clifford odd ”basis vectors” apply is equal to:

03 12 12
e >= ([2al[4] + [+][+))
Let us recognize that the Clifford odd "basis vectors” anti-commute due to the odd number of
nilpotents, Example 1. And they are orthogonal according to Eqs. (47, 48, 49): b}”T * A b?,T =0.
Example 3.
: o, 0312 T
According to the vacuum state presented above, one finds that, for example, by (=(+i)[+])|thoe > is b;' back,
03 12 03 12 03 12 03 12 03 12
since (+i)[+] *a [—i][+]=(+i)[+], according to Eq. (47), while (—i)[+] *4 [—i][+]= 0 (due to (7° + ~+3)(1 —
7°7%) = 0). ) ) )
Let us apply S°! and S°! on some of the “basis vectors” b?ﬁ, say by.

, 03 12 ,

When applying S%' = 1491 on $(7° — 43)3(1 + iv! ) (=(+i)[+]) we get —53(1 — 19933 (v! — iv?)(=
03 12
(=3 [=i(=))
- : 03 12
When applying 5% = £33 on 3(70 — 73)3(1 + iy19?)(=(+i)[+]) we get, according to Eq. (7), or if using
. 03 12

Eq. (11), =351 +9"7)5(v" +iv?) (= (=5 [+ (+)).

It then follows, after using Eqs. (11, 47, 48, 49) or just the starting relation, Eq. (6), and taking into

18We could choose the left-handed Clifford odd “basis vectors” by exchanging the role of ‘basis vectors” and their
Hermitian conjugated partners.
9Tn the case of d = (1 + 1), we would have one family with one member only, which must be nilpotent.
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account the above concrete evaluations, the relations of Eq. (16) for our particular case

0T s [oe > = U] >,
b %4 [thoe > = 0-[thoc >,
(BFT 00T ka e > = 0 [thoe >,
(B7 00 k4 [oe > = 0 Jthoe >,
{00 T sa [oe > = 8™ O piltboc > - (41)
The last relation of Eq. (41) takes into account that each “basis vector” carries the “family” quantum

number, determined by S® of the Cartan subalgebra members, Eq. (8), and the appropriate normal-
ization of “basis vectors”, Eqgs. (39, 40).

Clifford even “basis vectors”

Besides 237! x 231 Clifford odd “basis vectors” and the same number of their Hermitian conjugated
partners, Eqgs. (39, 40), the Clifford algebra objects offer two groups of 2271 x 221 (Clifford even ”basis
vectors”, the members of the group ’ A?T and f .A;”T, which have Hermitian conjugated partners within

the same group or are self-adjoint 2°. We have the group LA™ m = (1,2), f = (1,2), the members of
which are Hermitian conjugated to each other or are self-adjoint,

503 812 503 512
1 03 12 1 03 12
IAT—[H][—H 0 0 , TAV=(+i)+) i 1 (42)
2t 12 ) op (0312
LAY =(—z)(—) —i =1, TAT =[-i][-] 0 o0,

and the group HA?T, m = (1,2), f = (1,2), the members of which are either Hermitian conjugated to
each other or are self adjoint

803 512 803 312
I a1t 03 12 11 41t 03‘ 12 )
A=+l 0 0, HA =+i)(-) i -1 (43)
1T A28 (03>(f) i 1 1 g2t —[Egz'][f] 0 0
) 2 — .

The Clifford even “basis vectors” have no families. The two groups, ' A}"T and / A?T (they are not
ab ab
reachable from one another by S%), are orthogonal (which can easily be checked, since (£k) %4 (£k)= 0

and [4k] 4 [Fh]= 0).

IA}HT * A HA’}}'T =0, forany (m,m’, f,f). (44)

Application of ‘A7 i = (I,1I) on lg?”

Let us demonstrate the application of ‘A7 i = (I,1I), on the Clifford odd “basis vectors” ZA)?LT,
Egs. (20,~23), for our particular case d = (34 1) and compare the result with the result of application
S and S on b}”T evaluated above in Example 3. We found, for example, that S (= ’7071) * A b}T(:

03 12 _ 03 12 .
10 =P+ iy ) (=) [H]) = =551 —1°)3 (v —iA)(= (=4 [=i)(—1) = b7
03 12 . 03 12 03 12 .
Applying LAY (=(=i)(=)) *4 biT (= (+)[+]) = — [—i](—), which is b}', presented in Eq. (39). We

obtain in both cases the same result, up to the factor % (in front of 4%y in S°'). In the second case

20Let be repeated that S = §% 4 §ab [17].
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one sees that Al (carrying 8% = —i,8'2 = —1) transfers these quantum numbers to bi' (carrying
508 = £ 512 = 1) what results in bt (Carrymg S0 =t g2 = ),

We can check what the application of the rest three ] .Af " do when applying on ZA);”T The self-adjoint
member carrying 8% = 0,82 = 0, either gives IA)?LT back, or gives zero, according to Eq. (47). The
Clifford even “basis vectors”, carrying non zero S% and S'? transfer their internal values to I;?T or give

zero. In all cases ! .A’JZ‘T transform a “family” member to another or the same “family” member of the
same “family”.

Example4
fA”([ ][ ) wa b= <+z>[f1> B = (o)L, TAY (=[] %a B (= (1) = BV (= [Hi)(0)).
12 12 03 12 03 12 03 12

A (= - )( ) xa byl (= [+%](+)) b (= (=0)[=)), TAT(=(=0)(=)) *a B! (= (=9)[-]) = 0.

N ab
One easily sees that the application of 7/ A;ﬁ on b}rfT give zero for all (m,m/, f, f') (due to [£k]
ab ab ab
x4 [Fk|= 0, [£k] %4 (Fk)= 0, and similar applications).
~ . ~ . 03 12 . A
We realised in Example 3. that the application of S°' = £3°3' on b gives (=2 [+i](+i)) = —iby.
03 12
Let us algebraically, %4, apply 7 A2 (=(—i)(+)), with quantum numbers (§%,S'?) = (—i, 1), from
the right hand side the Clifford odd “basis vector” by. This application causes the transition of b 1
(with quantum numbers (5%, §12) = (1, —1) (see Eq. (10)) into by' (with quantum numbers (5%, $'2) =
—1 1y, obviously transfers its quantum numbers to Clifford odd “basis vectors”, keeping m
(=i, 1)), AT obviously f b Clifford odd “b keeping
unchanged, and changing the “family” quantum number: lAﬁT x4 1 A?T = IA);T

We can conclude: The internal space of the Clifford even “basis vectors” has properties of the
gauge fields of the Clifford odd “basis vectors”; ! A’}"”T transform “family” members of the Clifford odd

“basis vectors” among themselves, keeping the “family” quantum number unchanged, A’}ﬁ transform
a particular “family” member into the same “family” member of another “family”.

Creation and annihilation operators

To define creation and annihilation operators for fermion and boson fields, we must include besides
the internal space, the ordinary space, presented in Eq. (31), which defines the momentum or coordinate
part of fermion and boson fields.

We define the creation operators for the single particle fermion states as a tensor product, *r, of
the Clifford odd “basis vectors” and the basis in ordinary space, Eq. (33):
bjj (p) =>_,, (D) b; * b?T. The annihilation operators are their Hermitian conjugated partners.
We have seen in Example 1. that Clifford odd “basis vectors” (having odd products of nilpotents)
anti-commute. The commuting objects b; (multiplying the “basis vectors”) do not change the Clifford

oddness of B;T(ﬁ) The two Clifford odd objects, B;T(ﬁ) and f)jc/ﬁ(];’), keep their anti-commutativity,
fulfilling the anti-commutation relations as presented in Eq. (34). Correspondingly we do not need to
postulate anti-commutation relations of Dirac. The Clifford odd “basis vectors” in a tensor product
with the basis in ordinary space explain the second quantized postulates for fermion fields.

The Clifford odd “ba&s vectors” contribute for each p’ a finite number of bST(ﬁ) the ordinary basis
offers infinite possibilities 2!

2L An infinitesimally small difference between 7 and p’ makes two creation operators Bjj (p) and B?T (p') with the same
“basis vector” describing the internal space of fermion fields still fulfilling the anti-commutation relations (as we learn
from atomic physics; two electrons can carry the same spin if they distinguish in the coordinate part of the state).
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Recognizing that internal spaces of fermion fields and their corresponding boson gauge fields are
describable in even dimensional spaces by the Clifford odd and even “basis vectors”, respectively, it
becomes evidently that when including the basis in ordinary space, we must take into account that
boson gauge fields have the space index «, which describes the o component of the boson fields in
ordinary space.

We multiply, therefore, as presented in Eq. (35), the Clifford even “basis vectors” with the coefficient
iC™ 4, carrying the space index a so that the creation operators LAR () = 5; w7 'C™ ’A}"T = (I,11)
carry the space index a 22. The self-adjoint “basis vectors”, like ("Ail i A3 i = (I,1I)), do not change
quantum numbers of the Clifford odd “basis vectors”, since they have internal quantum numbers equal
to zero.

In higher dimensional space, like in d = (54 1), TAY | presented in Table 3, could represent the
internal space of a photon field, which transfers to, for example, a fermion and anti-fermion pair with
the internal space described by (IA)}T, B?T), presented in Table 2, the momentum in ordinary space.

The subgroup structure of SU(3) gauge fields can be recognized in Fig. 2.

Properties of the gauge fields ’/l?g need further studies.
In even dimensional spaces, the Clifford odd and even “basis vectors”, describing internal spaces

of fermion and boson fields, offer the explanation for the second quantized postulates for fermion and
boson fields [17].

B Discussion on the open questions of the standard model and
answers offered by the spin-charge-family theory

There are many suggestions in the literature for unifying charges in larger groups, adding additional groups
for describing families [1, 2, 3, 4, 5], or by going to higher dimensional spaces of the Kaluza-Kline like theo-
ries [26, 27, 28, 29, 30, 31, 33, 32|, what also the spin-charge-family is.

Let me present some open questions of the standard model and briefly tell the answers offered by the spin-
charge family theory.

A. Where do fermions — quarks and leptons and antiquarks and antileptons — and their families originate?

The answer offered by the spin-charge-family theory: In d = (13+1) one irreducible representation of SO(13,1)
analysed with respect to subgroups SO(7,1) (containing subgroups of SO(3,1) x SU(2) x SU(2)) and SO(6)
(containing subgroups of SU(3) x U(1)) offers the Clifford odd “basis vectors”, describing the internal spaces
of quarks and leptons and antiquarks and antileptons, Table 4, as assumed by the standard model. The Clifford
odd “basis vectors” appear in families.

B. Why are charges of quarks so different from charges of leptons, and why have left-handed family members
so different charges from the right-handed ones?

The answer offered by the spin-charge-family theory: The SO(7,1) part of the “basis vectors” is identical for
quarks and leptons and identical for antiquarks and antileptons, Table 4, they distinguish only in the SU(3),
the colour or anticolour part, and in the fermion or antifermion U(1) quantum numbers. All families have the
same content of SO(7,1),SU3 and U(1) with respect to S%. They distinguish only in the family quantum
number, determined by S%. The difference between left-handed and right-handed members appears due to the
difference in one quantum numbers of the two SU(2) groups, as seen in Table 4.

C. Why do family members — quarks and leptons — manifest such different masses if they all start as massless,
as (elegantly) assumed by the standard model?

22Requiring the local phase symmetry for the fermion part of the action, Eq. (1), would lead to the requirement of the
existence of the boson fields with the space index «.
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The answer offered by the spin-charge-family theory: Masses of quarks and leptons are in this theory determined
by the spin connection fields wyo, the gauge fields of S% 23 and by @, the gauge fields of S, which are the
same for quarks and leptons ?*. Triplets and singlets are scalar gauge fields with the space index o = (7, 8).
They have, with respect to the space index, the quantum numbers of the Higgs scalars, Ref. ([14], Table 8,
Eq. (110,111)).

D. What is the origin of boson fields, of vector fields which are the gauge fields of fermions, and the Higgs’
scalars and the Yukawa couplings? Have all boson fields, with gravity and scalar fields included a common
origin?

The answer offered by the spin-charge-family theory: In a simple starting action, Eq. (1), boson fields origin in
gravity — in vielbeins and two kinds of spin connection fields, wgpq and @gpa, in d = (134 1) — and manifest in
d = (3+1) as vector gauge fields, a = (0, 1,2, 3), or scalar gauge fields, o > 5 [11], ([14], Sect. 6 and references
therein). Boson gauge fields are massless as there are fermion fields. The breaks of the starting symmetry
makes some gauge fields massive. This article describes the internal space of boson fields by the Clifford even
basis vectors, manifesting as the boson gauge fields of the corresponding fermion fields described by the Clifford
odd “basis vectors”. The description of the boson fields with the Clifford even “basis vectors” confirms the
existence of two kinds of spin connection fields as we see in Sects. 2.2 and2.3, but also open a door to a new
understanding of gravity. According to the starting action, Eq. (1), all gauge fields start in d > (13 + 1) as
gravity.

E. How are scalar fields connected with the origin of families? How many scalar fields determine properties of
the so far (and others possibly be) observed fermions and of weak bosons?

The answer offered by the spin-charge-family theory: The interaction between quarks and leptons and the
scalar gauge fields, which at the electroweak brake obtain constant values, causes that quarks and leptons and
the weak bosons become massive. There are three singlets, they distinguish among quarks and leptons, and
two triplets, they do not distinguish among quarks and leptons, which give masses to the lower four families 2.
F. Where does the dark matter originate?

The answer offered by the spin-charge-family theory: The theory predicts two groups of four families at low
energy. The stable of the upper four groups are candidates to form the dark matter [37].

G. Where does the “ordinary” matter-antimatter asymmetry originate?

The answer offered by the spin-charge-family theory: The theory predicts scalars triplets and antitriplets with
the space index a = (9,10, 11,12,13,14) [8].

H. How can we understand the second quantized fermion and boson fields?

The answer offered by the spin-charge-family theory: The main contribution of this article, Sect. 2, is the
description of the internal spaces of fermion and boson fields with the superposition of odd (for fermions) and
even (for bosons) products of v*. The corresponding creation and annihilation operators, which are tensor, %,
products of (finite number) “basis vectors” and (infinite) basis in ordinary space inherit anti-commutativity
or commutativity from the corresponding “basis vectors”, explaining the postulates for the second quantized
fermion and boson fields.

I. What is the dimension of space? (34 1)7, ((d —1) +1)?, co?

The answer offered by the spin-charge-family theory: We observe (3 + 1)-dimensional space. In order that one
irreducible representation (one family) of the Clifford odd “basis vectors”, analysed with respect to subgroups
SO(3,1)x SO(4) xSU(3) xU(1) of the group SO(13,1) includes all quarks and leptons and antiquarks and
antileptons, the space must have d > (13 + 1). (Since the only “elegantly” acceptable numbers are 0 and oo,

23The three U(1) singlets, the gauge fields of the “fermion” quantum number 74, of the hypercharge Y, and of the
electromagnetic charge ), determine the difference in masses of quarks and leptons, presented in Table 4, Ref. ([14], Sect,
6.2.2, Eq. (108))

24The two times two §(7(2) triplets are the same for quarks and leptons, forming two groups of four families. Ref. ([14],
Sect, 6.2.2, Eq. (108).

25There are the same three singlets and two additional triplets, which determine the masses of the upper four families-
explaining the existence of the dark matter.
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the space-time could be cc.)
The SO(10) theory [2], for example, unifies the charges of fermions and bosons separately. Analysing SO(10)
with respect to the corresponding subgroups, the charges of fermions appear in fundamental representations
and bosons in adjoint representations 6.
There are additional open questions answers of which the spin-charge-family the theory offers.

The spin-charge-family theory has to answer the question common to all the Kaluza-Klein-like
theories: How and why the space we observe has d = (3 + 1) dimensions? The proposed description of

the internal spaces of fermion and boson fields might help.

C Some useful relations in Grassmann and Clifford algebras,
needed also in App. D
This appendix contains the helpful relations needed for the reader of this paper. For more detailed

explanations and for proofs, the reader is kindly asked to read [14] and the references therein.
For fermions, the operator of handedness I'? is determined as follows:

d
)2 for d even
@ — /maan~aY (4) 2: ) 45
1]( ") { (i)z , fordodd, (45)
The vacuum state for the Clifford odd "basis vectors”, |t,. >, is defined as
281
Yoo >= Y BP0 1 > (46)
f=1

Taking into account that the Clifford objects v* and 4 fulfil relations of Eq. 6, one obtains beside
the relations presented in Eq. (11) the following once where i = (I,II) denotes the two groups of
Clifford even “basis vectors”, while m and f determine membership of “basis vectors” in any of the two
groups [ or I1.

ab ab ab ab ab ab ab ab ab ab ab
(R)R) = n [k, (k)= Sk, ®k=0, &K=k

ab ab ab ab ab ab ab ab ab ab

(=K)k] = (=k), [Kl(k)=(k), [k](=k)=0, [K][-k]=0,

ab gp ab  gp ab /9\12/ ab ab ab gp ab
(k)(k) = 0, (k)(=k)=—in* [-k], (=k)(k)=—in" k], (k)[k]=1i(k),
ab  gp _ab_ _ab g ab ab gb @b

(K)[=k] = 0, (=R)Ik]=0, (=k)[=k=i(=k), [K(k)=(k),

ab  gp ab o b ap ab ab gp ab

[k](=k) = 0, [K[k]=0, [-K|[k]=[k], [K][-kl=[-K], (47)

Cfvb le ab ab

The algebraic multiplication among (k) and [k] goes as in the case of (k) and [k]

ab ab ab ab ab ab ab ab ab ab
(K)[K] = 0, [kKl(k)=(k), (K)[-K]=(k), [kl(=k)=0,
b b a _ab_ _ab.
R = o K, CRER=0, (48)

26The space-time is in unifying theories (34 1), consequently they have to relate handedness and charges “by hand” [24],
postulate the existence of antiparticles, and the existence of scalar fields, as does the standard model.
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One can further find that

ab cd ; ab cd ab cd 7 ab cd

s (k)(k) = =50 [=k)[=k], S K][kl= 5 (<k) (k).
ab cd 7 ab cd ab cd i ab cd
% ()K= =50 [=KI(=k), ™ [K](k)= 50" (=R)[-F] . (49)

D One family representation of Clifford odd “basis vectors”
ind=(13+1)

This appendix, is following App. D of Ref. [20], with a short comment on the corresponding gauge vector
and scalar fields and fermion and boson representations in d = (14 + 1)-dimensional space included.
In even dimensional space d = (13+ 1) ([17], App. A), one irreducible representation of the Clifford
odd “basis vectors”, analysed from the point of view of the subgroups SO(3,1) x SO(4) (included in
SO(7,1)) and SO(7,1) x SO(6) (included in SO(13,1), while SO(6) breaks into SU(3) x U(1)), contains
the Clifford odd “basis vectors” describing internal spaces of quarks and leptons and antiquarks, and
antileptons with the quantum numbers assumed by the standard model before the electroweak break.
Since SO(4) contains two SU(2) groups, Y = 72 4+ 7% one irreducible representation includes the
right-handed neutrinos and the left-handed antineutrinos, which are not in the standard model scheme.

The Clifford even “basis vectors”, analysed to the same subgroups, offer the description of the
internal spaces of the corresponding vector and scalar fields, appearing in the standard model before the
electroweak break [16, 17]; as explained in Subsect. 2.2.1.

For an overview of the properties of the vector and scalar gauge fields in the spin-charge-family theory,
the reader is invited to see Refs. ([14, 11] and the references therein). The vector gauge fields, expressed
as the superposition of spin connections and vielbeins, carrying the space index m = (0, 1,2, 3), manifest
properties of the observed boson fields. The scalar gauge fields, causing the electroweak break, carry
the space index s = (7,8) and determine the symmetry of mass matrices of quarks and leptons.

In this Table 4, one can check the quantum numbers of the Clifford odd “basis vectors” representing
quarks and leptons and antiquarks and antileptons if taking into account that all the nilpotents and
projectors are eigenvectors of one of the Cartan subalgebra members, (5%, 512 S5 . S1311) with

ab ab ab ab
the eigenvalues +£ for (47) and [+i], and with the eigenvalues +1 for (+1) and [+1].

Taking into account that the third component of the weak charge, 71 = (5% — S™)  for the
second SU(2) charge, 7% = 1(S° + S™), for the colour charge [7* = 1(S%10 — S112) and 7% =
ﬁg(sgw + SH12 —281314)] for the “fermion charge” 7* = —3(S91° + SH112 4 §131) for the hyper
charge Y = 722 4+ 7%, and electromagnetic charge Q@ = Y + 73, one reproduces all the quantum numbers
of quarks, leptons, and antiquarks, and antileptons. One notices that the SO(7,1) part is the same for
quarks and leptons and the same for antiquarks and antileptons. Quarks distinguish from leptons only
in the colour and “fermion” quantum numbers and antiquarks distinguish from antileptons only in the
anti-colour and “anti-fermion” quantum numbers.

In odd dimensional space, d = (14 + 1), the eigenstates of handedness are the superposition of one
irreducible representation of SO(13,1), presented in Table 4, and the one obtained if on each “basis
vector” appearing in SO(13,1) the operator S°(4+1) applies, Subsect. 2.2.2, Ref. [20].

Let me point out that in addition to the electroweak break of the standard model the break at
> 10% GeV is needed ([14], and references therein). The condensate of the two right-handed neutrinos
causes this break (Ref. [14], Table 6); it interacts with all the scalar and vector gauge fields, except
the weak, U(1), SU(3) and the gravitational field in d = (3 + 1), leaving these gauge fields massless up

36



to the electroweak break, when the scalar fields, leaving massless only the electromagnetic, colour and
gravitational fields, cause masses of fermions and weak bosons.

The theory predicts two groups of four families: To the lower group of four families, the three so far
observed contribute. The theory predicts the symmetry of both groups to be SU(2) x SU(2) x U(1),
Ref. ([14], Sect. 7.3), which enable to calculate mixing matrices of quarks and leptons for the accurately
enough measured 3 x 3 sub-matrix of the 4 x 4 unitary matrix. No sterile neutrinos are needed, and no
symmetry of the mass matrices must be guessed [38].

In the literature, one finds a lot of papers trying to reproduce mass matrices and measured mixing
matrices for quarks and leptons [43, 44, 45, 46, 47, 49].

The stable of the upper four families predicted by the spin-charge-family theory is a candidate for
the dark matter, as discussed in Refs. [37, 14]. In the literature, there are several works suggesting
candidates for the dark matter and also for matter/antimatter asymmetry [51, 50].
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(Anti)octet, (7D = (—1)1, 1®) = (1) — 1
of (anti)quarks and (anti)leptons
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03 12 56 T8 910 1112 13 14
8 | ui ) O I HE ) 0] = 1| 2 | & 1] 2
- 03 12 56 T8 910 1112 13 14
9 | uf? (+4) [+ [ [+ () 1] H (+)  [-] 1 L 0 3 -3 ﬁ z 2 2
P 03 12 56 T8 1112 13 14
10 | uf CaS men @ 1 -3 0 3 || 3| 54 3 2 Z
03 12 56 78 910 1112 13 14
11| dif (+1)[ ]\(—)[—]H =1 ) [ 1 % 0 -3 -3 213 % -2 | -3
56 78 910 1112 13 14
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17 | uf F)HHEO =T = &) 1 5 0 3 0 -7 | & 3 3
03 12 56 T8 910 1112 13 14 j
18 | ug [ (=) TSN =1 ) 1 -3 0 3 0 f% % 2 2
03 12 56 78 910 1112 13 14
19 | dg (+i>[ ] (=) =TT -1 ) 1 z 0 -1 0 f%,, 5 -3 | -3
56 78 910 1112 13 14 N 1 1 1 1 1
20 d%? [—1]( )\( )[ =1 =1 1 -3 0 -3 0 73 I -3 -3
910 1112 13 14 1 1 1 1 1 1
21 | df? = [+] | - )<+> H -l W -1 L -5 o o | -+ | ¢ 1] -1
. 03 910 1112 13 14 1 1 1 1 1 1
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. 03 12 56 910 1112 13 14
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35 | ag! - [fi] [+] | (7) H M= ) ) -1 t 0 -1 -1 rlg -1 -2 | -2
A 910 1112 13 14 1 1 1 1 1 2 2
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= 03 12 56 T8 910 1112 13 14
41 7 [ [+ T+ =T (D) -1 L 0 3 3 5 1 3 -3 3 3
_ = 03 12 56 T8 910 1112 13 14 1 1 1 1 1 1 1
42 | g HE) O THE I = 4| =4 o | 3 1 S| -3 1] 4
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: T > TG | g2 13 [ ;23 33 38 A v 3]
(Anti)octet, (7D = (—1)1, 1®) = (1) — 1
of (anti)quarks and (anti)leptons
- 031256 78 010 1112 13 14
46 | d — [T E = () 1 -3 3 0 3 = | —% -5 5
- 03_12 56 78 910 1112 13 14
47 | af FD)[H IO N E =) 1 3 -3 0 3 *ﬁ -5 || —% B
- 0312 56 78 910 1112 1314
a8 | af? eHeICIICRE RS el IRl
- 0312 56 78 010 1112 1314
49 i A+ H O E ) ] -1 3 0 3 0 5 -5 3 B
- 03 12 56 78 910 11 12 13 14
50 ¢ FDETHIE N ) ] -1 —3 0 3 0 % -3 3 3
- 03 12 56 78 010 1112 13 14
51 | ag’ IO E ) ] -1 5 o | -3 || o = | -5 | -3 | -3
- 03_ 12 56 78 910 1112 1314
52 | ag’ —EF) IO E )] -1 -3 0 -3 0 - -5 || -3 2
- 03 12 56 78 010 1112 1314
53 % ) [+ [H [T ) (4[] 1 3 3 0 0 75 -5 -5 3
= 03 12 56 78 910 1112 13 14 1 1 1 1 1 1
54 R =[S T ) -] 1 -3 3 0 0 73 ~-% - % 3
- 03_12 56 78 910 1112 13 14
55 | ag FEDH G E ) [ 1 -5 ] o 0 = | 5| % | -3
- 0312 5678 9010 1112 1314
56 | af TG ENE ) ] 1 -3 -3 0 0 NG -5 || —% 2
03 12 56 78 910 1112 1314
57 | er 1 G Gl O Gl B -1 3 0 3 0 0 3 1 1
03_ 12 56 78 910 1112 13 14
58 | er D) IHESO N =[] 1 -3 0 3 0 0 3 1 1
03 12 56 78 010 1112 13 14
59 | vp —HAH IO =] -1 3 0 -3 0 0 3 0 0
03_ 12 56 78 910 1112 1314
60 | 7 —E) DTN = = 1 -3 0 -3 0 0 3 0 0
03_12 56 78 910 11 13 14
61 | or EDH IO N =[] 1 3 -3 0 0 0 3 3 0
0312 56 78 9010 1112 1314
62 | vr o X G B G I8 G 1 el Gl O 1 -3 -3 0 0 0 3 3 0
03 12 56 78 010 1112 13 14
63 | ér EDH T ] =] 1 3 3 0 0 0 3 3 1
0312 56 78 910 1112 1314
64 | ér I G 0 G e T O 1 -3 3 0 0 0 3 3 1

Table 4:  The left-handed (I*31) = —1, Eq. (45)) irreducible representation of one family of spinors — the
product of the odd number of nilpotents and of projectors, which are eigenvectors of the Cartan subalgebra of
the SO(13,1) group [8, 10], manifesting the subgroup SO(7, 1) of the colour charged quarks and antiquarks and
the colourless leptons and antileptons — is presented. It contains the left-handed (I'*Y) = —1) weak (SU(2);)
charged (713 = £1, and SU(2) s chargeless (72* = 0 quarks and leptons, and the right-handed (I'®!) = 1) weak
(SU(2)1) chargeless and SU(2);r charged (723 = £1) quarks and leptons, both with the spin $*? up and down
(j:%, respectively). Quarks distinguish from leptons only in the SU(3) x U(1) part: Quarks are triplets of three
colours (¢! = (733, 738) = [(3, ﬁ), (-3, ﬁ), (0, —%), carrying the ”fermion charge” (71 = 1). The colourless
leptons carry the ”fermion charge” (7% = —3). The same multiplet contains also the left handed weak (SU(2);)
chargeless and SU(2)rr charged antiquarks and antileptons and the right handed weak (SU(2);) charged and
SU(2);r chargeless antiquarks and antileptons. Antiquarks distinguish from antileptons again only in the
SU(3) x U(1) part: Antiquarks are anti-triplets carrying the ”fermion charge” (74 = —21). The anti-colourless
antileptons carry the ”fermion charge” (74 = l)

3) Y = (723 4 74) is the hyper charge, the electromagnetic
charge is Q = (713 +Y).
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