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Stochastic quantization



•Generators of gauge symmetries found from the Hamiltonian [1]
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Super-Hamiltonian Super-Momentum

Secondary constraints: eq. of motion
<latexit sha1_base64="vpyKbhpPL1PWUbvxtjUPD67ynyg="></latexit>

R0i
�

1

2
g0iR =

NH
i +N i

H

2N2
p
h

= 0,

<latexit sha1_base64="djKY/C10H2J2R5OxpLos71PmlOg="></latexit>

R00
�

1

2
g00R = �

H

2N2
p
h
= 0,

Symmetries in GR

[1] Henneaux, Teitelboim, Quantization of gauge systems, Princeton U. Press



•Generators of gauge symmetries found from the Hamiltonian [1]
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Super-Hamiltonian Super-Momentum

Generators of gauge transformation: 
time, space diffeomorphisms
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Hi = 0, The Hamiltonian vanishes

Symmetries in GR

[1] Henneaux, Teitelboim, Quantization of gauge systems, Princeton U. Press



Path-integral Quantization [1]: 

[1] Henneaux, Teitelboim, Quantization of gauge systems, Princeton U. Press

Delta on the constraints

We are asking the path integral not to fluctuate around the constraints 
In GR constraints generate external symmetries

Symmetries are imposed in the quantization of GR rather than being allowed to emerge

Symmetries in GR



1. Canonical Quantization - Dynamic Perspective 
2. Path-Integral Quantization - Ensemble Average Perspective

Quantization Methods
All methods start from a classical description

Difficulties in handling Symmetries

Dynamics limited to a hypersurface in phase-space — Constraints Hypersurface

•1. Dirac Prescription 
define physical states 
as

•2. Gribov copies - Faddeev Popov determinant

[1] Henneaux, Teitelboim, Quantization of gauge systems, Princeton U. Press



1. Canonical Quantization - Dynamic Perspective 
2. Path-Integral Quantization - Ensemble Average Perspective 
3. Stochastic Quantization

Quantization Methods 

Stochastic Dynamic Relaxation of the Ensemble Average



<latexit sha1_base64="g4JPXA92N34ysfPWy4YlZpcJ29E="></latexit>

@

@s
�A (xµ, s) = ��S [�]

��A
+ ⌘A (xµ, s) ,

<latexit sha1_base64="mVPPxhm/87ORQguuhw18I/9K53c="></latexit>

h⌘A (x, s) ⌘B (x0, s0)i = 2↵�AB� (x� x0) � (s� s0)

<latexit sha1_base64="s8/qbN7E6idaeuA1LPI1k9/guPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpu6XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4ZONAA==</latexit>s

Stochastic Quantization I

Introduce a “stochastic time” variable      and noise - Langevin dynamics

The noise is additive and Gaussian: higher-order (even) correlations are functions of



Stochastic Quantization II

Expectation values: (i) with respect to the noise, (ii) with respect to

Average over 
histories

Average over 
dynamic 
measure

The Fokker-Planck Eq., associated to the Langevin, dictates the dynamics of



Stochastic Quantization III

The associated Fokker-Planck ensures the correct “equilibrium” limit of

Stochastic Calculus

Fokker-Planck

The Euclidean Path-Integral measure is recovered at equilibrium



Stochastic quantization applied to gravity 
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•Let’s consider the presence of matter

We propose the Langevin equation [1] 
with scalar multiplicative noise

• Starting point: seminal Rumpf work [2] 
with additive tensorial noise

•DeWitt Supermetric: special choice [2] 
•Strong link to Horava-Lifshitz gravity 

Stochastic Quantization of General Relativity à la Ricci Flow

[2] H. Rumpf, Phys. Rev. D, 33, 4, 1986

[1] M. Lulli, A. Marciano, X. Shan, arXiv:2112.01490 (2021)
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•Let’s consider the presence of matter

[2] H. Rumpf, Phys. Rev. D, 33, 4, 1986

We propose the Langevin equation [1] 
with scalar multiplicative noise

•Zero-noise limit: looks like a Ricci-flow with a target fixed point 

•Noise amplitude to be determined at the saddle-point of the equilibrium

Scalar multiplicative noise

[1] M. Lulli, A. Marciano, X. Shan, arXiv:2112.01490 (2021)



<latexit sha1_base64="oROODqjfxNC/Nw6GM18bobpx1tU="></latexit>

@gµ⌫
@s

= �2ı


Rµ⌫ � 

✓
Tµ⌫ � 1

2
gµ⌫T

◆�
+ gµ⌫e

ı �2
p
2↵ ⌘̃,

[1] H. Rumpf, Phys. Rev. D, 33, 4, 1986

•We need to “interpret” the Langevin equation: Itô calculus [1] 

•Different variables coupled to the same noise 

•Need to compute Itô rules for this case: for a generic
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•The associated Fokker-Planck reads
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Langevin equation and the Itô calculus 

[2] M. Lulli, A. Marciano, X. Shan, arXiv:2112.01490 (2021)



•We can look for the steady state solution of the Fokker-Planck
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•After setting                 one obtains
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The cosmological constant 
appears as a consequence of the noise at the saddle point at equilibrium (!)

Emergent Cosmological Constant

[1] M. Lulli, A. Marciano, X. Shan, arXiv:2112.01490 (2021)



Let us go from the metric tensor to the ADM variables
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ADM variables and Itô calculus

[1] M. Lulli, A. Marciano, X. Shan, arXiv:2112.01490 (2021)

Multiplicative choice of the noise source entails additivity in the Hamiltonian ADM picture

We need to follow the Itô transformation rule



Hamiltonian analysis of the stochastic geometry flow
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Shift-vector and Navier-Stokes
•Let’s consider the shift-vector equation

•The noise term cancels out 

•The fixed point solution automatically implements super-Momentum constraint

•In the non-relativistic limit the super-momentum reduces to Navier-Stokes [1]
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[1] I. Bredberg, C. Keeler, V. Lysov, A. Strominger, JHEP, 2012, 146 (2012)

[2] M. Lulli, A. Marciano, X. Shan, arXiv:2112.01490 (2021)



•It reduces to a forced incompressible Navier-Stokes equation (for Euclidean signature)
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•The noise term cancels out 

•The fields can enter a turbulent regime 

•Turbulent fluctuations are intermittent 

•Possibility to investigate the 
multi-fractal hypothesis [1] in GR

The only equation that loses noise  
responds with intermittency!

[1] U. Frisch, G. Parisi; R Benzi, G Paladin, G Parisi, A Vulpiani Journal of Physics A: Mathematical and General 17 (18), 3521

Possible role of turbulence in cosmological first-order 
phase transitions (!)

Navier-Stokes and stochastic force

[2] M. Lulli, A. Marciano, X. Shan, arXiv:2112.01490 (2021)



Out-of-equilibrium dynamics of Black Holes 
•Let us consider a “static” spherical symmetric metric
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•Let’s normalise the equation to

Kardar-Parisi-Zhang Eq. [1] 
for a spherical surface

[1] M. Kardar, G. Parisi, Y.C. Zhang, PRL 56, 9, 889–892 (1986)

[2] M. Lulli, A. Marciano, X. Shan, arXiv:2112.01490 (2021)



Black Holes and Kardar-Parisi-Zhang

•KPZ defines its own dynamic universality class 
•It models surface growth by deposition: surface height 
•It is related to Burgers’ equation via a change of variable

Kardar-Parisi-Zhang Eq. [1] 
for a spherical surface

•Both models exhibit intermittency for small dissipation 
•The small dissipation limit is obtained near the horizon

[1] M. Kardar, G. Parisi, Y.C. Zhang, PRL 56, 9, 889–892 (1986)



Topology change and out-of-equilibrium DOFs



Breakdown of the conformal symmetry and the scalaron

Einstein-Hilbert expanded on dS or AdS backgrounds

Residual gauge transformation: conformal Killing vector and disappearance of the ghost



Projective connection & out-of-equilibrium torsional DOFs 

Cosmological term induced in the action

[1] M. Lulli, A. Marciano, X. Shan, arXiv:2112.01490 (2021)



Out-of-equilibrium torsional DOFs and topology changes  

Map between trivial and non-trivial bundles induces topology changes

Singularities of the maps produce non-trivial instantons

Stokes theorem and area-law for the holonomy 



Stochastic Ricci RG flow of Λ 

FLRW background

Stochastic geometry (Ricci) flow equations



Hubble tension: a macroscopic QG effect?

Thermal time oriented as the proper time implies mild increase of Λ 

Cosmological measurements 

Astronomical measurements 

67.4± 1.4 (km/s)/Mpc
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74.03± 1.42 (km/s)/Mpc
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[2] M. Lulli, A. Marciano, L. Visinelli, in preparation



Relaxation properties and wave-function collapse



Diosi-Penrose model from Stochastic Gradient Flow

Running of the lapse function in a stochastic thermal time

Diosi-Penrose quantum collapse master equation as a  
the non-relativistic limit of the stochastic geometry (Ricci) flow

Strategy: describe a discrete system of masses undergoing  
gravitational interaction  

First principle discussion and RG flow induced by a stochastic gradient (Ricci) flow 

M. Lulli,  A. Marciano & X. Shan, arXiv:2112.01490v2 

Derivation of the Diosi Penrose quantum collapse master equation from the 
stochastic geometry (Ricci) flow and discussion of the parameter space

M. Lulli, A. Marciano & K. Piscicchia, arXiv:2307.10136



Assumptions to recover Diosi-Penrose

DP quantum collapse master equation as out-of-equilibrium relaxation  

described through the stochastic geometry (Ricci) flow 

Similarity: both realizations have multiplicative noise

New task: explain the role of the lapse, recalling that N=1+V+… 

Tools: use the Ito calculus to account for the variation of the lapse

M. Lulli, A. Marciano & K. Piscicchia, arXiv:2307.10136



Non-relativistic limit of the Stochastic Gradient Flow
Consider a discrete system of gravitationally interacting bodies

Ideal gas approximation for the energy-momentum tensor
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Langevin equation and perfect gas model

Langevin equation for the shift

with matter Ricci target
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The role of the Itô calculus
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Using the Ito calculus

for a functional f=f[N]

hdf
ds

i = �
Z

d4x dNx mx f
�

�Nx


(axp [Nx])�

1

2

Z
d4yd4z ny

�

�Ny
(bxbzp [Nx]) k" (x, y) k" (y, z)

�

<latexit sha1_base64="nBF+mCAnJlQr7g0KY2pksVkv+kw="></latexit>

M. Lulli, A. Marciano & K. Piscicchia, arXiv:2307.10136



Stationarized Fokker-Planck and WKB approximation

Stationary Fokker-Planck
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M. Lulli, A. Marciano & K. Piscicchia, arXiv:2307.10136



GKLS equation and non-cocommutativity in stochastic time 

Generalization of GKLS Equation
M. Lulli, A. Marciano & K. Piscicchia, arXiv:2307.10136

Non-unitary but  trace-preserving and positive



Berry phase description of confinement 



Berry phase and stochastic gradient flows

Changes of topologies through defects are induced by singularities in the stochastic gradient flow 
T. Asselmeyer-Maluga, M. Lulli, A. Marciano, R. Pasechnik, E. Zappala, arXiv:2408.15986

The gauge-geometry flow allows for topology changes (fluctuations) out of equilibrium

Geometrical interpretation of ground-states



Quark confinement and center symmetry

Elitzur theorem and necessity of breakdown of global symmetry to distinguish phases of a gauge theory

For holonomies and related (Wilson) loops

Occurrence of N-ality classes for SU(N)

for z element of 

T. Asselmeyer-Maluga, M. Lulli, A. Marciano, R. Pasechnik, E. Zappala, arXiv:2408.15986



Wilson loops and quark interactions

Parallel transport along closed paths of a principal bundle

Particle pairs interacting through strings

Wilson loops on Euclidean rectangular path

T. Asselmeyer-Maluga, M. Lulli, A. Marciano, R. Pasechnik, E. Zappala, arXiv:2408.15986



’t Hooft loop and smeared phase space
Creation of thin cents vortices at the base points of loops

Smeared conjugated variables

l=1 linked loops 

SSB of center symmetry

Magnetic order

Magnetic disorder

Confinement 

T. Asselmeyer-Maluga, M. Lulli, A. Marciano, R. Pasechnik, E. Zappala, arXiv:2408.15986



Geometric phase and quark confinement

Holonomy defined as circuitation of gauge connection along path (Wilson loop when paths are closed)

space-like loop and l linking number 

Action of center symmetry

Intuition from notable example of U(1)

Non-vanishing magnetic fluxes recovered from singular gauge transformations applied to vanishing fields 

For SU(N) the geometric phase is replaced by a center symmetry group element of  

T. Asselmeyer-Maluga, M. Lulli, A. Marciano, R. Pasechnik, E. Zappala, arXiv:2408.15986



Stochastic gauge-geometry flow
Consider the geometry back-reaction (fluctuation of topologies)

Stochastic flow complemented with noise multiplicative ansatz

T. Asselmeyer-Maluga, M. Lulli, A. Marciano, R. Pasechnik, E. Zappala, arXiv:2408.15986



Topology changes

Stochastic noise induce fluctuations of the manifold’s (hadronic ground states) topology

Geometric flow and appearance of singularities at the geometry level  

Singularities of the gauge transformations and appearance of thin vortices 

Dual fluxes are created dynamically in the stochastic time and source the area-law

T. Asselmeyer-Maluga, M. Lulli, A. Marciano, R. Pasechnik, E. Zappala, arXiv:2408.15986



Quark Confinement

VEV of the product of two Wilson loops

Linking number between Wilson and ’t Hooft loops

T. Asselmeyer-Maluga, M. Lulli, A. Marciano, R. Pasechnik, E. Zappala, arXiv:2408.15986



Dimensional transmutation

QCD scale dynamically generated in the stochastic time 

Level fo the Chen-Simons action and rescaling 

Rescaling between leaf of the bundle with changes of topology 

T. Asselmeyer-Maluga, M. Lulli, A. Marciano, R. Pasechnik, E. Zappala, arXiv:2408.15986



Pre-geometry a la Wilczek



Wilczek pre-geometry 

[1] A. Addazi, S. Capozziello, A. Marciano and G. Meluccio, arXiv: 2409.02200 

Internal symmetry extended to SO(4,1)/SO(3,2) — see e.g. [1]

ℒMM = 𝑘MM𝜖𝐴𝐵𝐶𝐷𝐸𝜖𝜇𝜈𝜌𝜎𝐹𝐴𝐵
𝜇𝜈 𝐹𝐶𝐷

𝜌𝜎 𝜙𝐸
ℒW = 𝑘W𝜖𝐴𝐵𝐶𝐷𝐸𝜖𝜇𝜈𝜌𝜎𝐹𝐴𝐵

𝜇𝜈 ∇𝜌𝜙𝐶 ∇𝜎𝜙𝐷𝜙𝐸

ℒW
𝑆𝑆𝐵 ℒEH − 𝑀2

PΛ𝑒 ℒMM
𝑆𝑆𝐵 ℒEH − 𝑀2

PΛ𝑒 + 𝜆𝑒𝒢

𝑀2
P ≡ − 8𝑘W𝑣3𝑚2

Λ ≡ ± 6𝑚2 = ∓
3𝑀2

P

4𝑘W𝑣3

𝑀2
P ≡ ± 32𝑘MM𝑣𝑚2

Λ ≡ ± 3𝑚2 =
3𝑀2

P

32𝑘MM𝑣
𝜆 ≡ − 4𝑘MM𝑣

𝑘W ∼ − 1 [𝜙]−3 ⇒ 𝑣 ∼ 1040 [𝜙] 𝑘MM ∼ ± 1 [𝜙]−1 ⇒ 𝑣 ∼ 10119 [𝜙]



Canonical analysis of Wilczek pre-geometry 

[1] A. Addazi, S. Capozziello, JL. Liu, A. Marciano, G. Meluccio and XL Su, aXiv:2505.01272;

Conjugated momenta

SSB

Hamiltonian recovered via SSB matches ADM gravity in time gauge n0 = 1, fixing e00 = −1/N 



DOFs of Wilczek pre-geometry 
Hamiltonian analysis à la Dirac 

Primary constraints

Secondary constraints

Total Hamiltonian 

90 dynamical variables, 20 gauge choices, 10 first-class constraints, 44 second-class constraints 

Three physical DOFs: one extra conformal mode appears

[1] A. Addazi, S. Capozziello, JL. Liu, A. Marciano, G. Meluccio and XL Su, aXiv:2505.01272;



Plebanski formulation of Wilczek pre-geometry 

Plebanski form in Wilczek pre-geometry

Plebanski action for Wilczek pre-geometry

[1] A. Addazi, S. Capozziello, JL. Liu, A. Marciano, G. Meluccio and XL Su, aXiv:2505.01272;



Stochastic gradient flow of the Plebanski  formulation

Einstein-Hilbert as the symmetry broken phase of Wilczek gravity

Stochastic gradient low breakdown of symmetries to gravity

SO(4, 1) ! SO(3, 1)

<latexit sha1_base64="kj6kH/WYJJOa6v6Ty1fx2r4Wcqo=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFqCBlRiu6LLpxZ0V7gXYomTTThmaSIckoZejGja/ixoUibn0Hd76NmXYWWv0h8POdczg5vx8xqrTjfFm5ufmFxaX8cmFldW19w97caigRS0zqWDAhWz5ShFFO6ppqRlqRJCj0GWn6w4u03rwjUlHBb/UoIl6I+pwGFCNtUNfevbkqVQ7dA9iRtD/QSEpxDw07TlnXLjplZyL417iZKYJMta792ekJHIeEa8yQUm3XibSXIKkpZmRc6MSKRAgPUZ+0jeUoJMpLJleM4b4hPRgIaR7XcEJ/TiQoVGoU+qYzRHqgZmsp/K/WjnVw5iWUR7EmHE8XBTGDWsA0EtijkmDNRsYgLKn5K8QDJBHWJriCCcGdPfmvaRyV3Ur55LpSrJ5nceTBDtgDJeCCU1AFl6AG6gCDB/AEXsCr9Wg9W2/W+7Q1Z2Uz2+CXrI9vNeuV1w==</latexit>

Geometric RG flow from TQFT to infrared theories of gravity  

S =

Z
BAB ^ FAB + �ABBC ^BDE✏ABCDE
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[1] A. Addazi, S. Capozziello, JL. Liu, A. Marciano, G. Meluccio and XL Su, aXiv:2505.01272;



RG flowing from a TQFT to a theory of gravity

[1] A. Frenkel, P. Horava and S. Randall, arXiv: 2010.15369;

Fixed point and UV flows toward TQFT 

Decoupling between matter and pre-geometry 

[2] G. Mistretta and T. Prokopec, arXiv: 2310.14827;

Topological BF with SO(3,2)/SO(4,1) gauge symmetry

[1] A. Addazi, S. Capozziello, JL. Liu, A. Marciano, G. Meluccio and XL Su, aXiv:2505.01272;



Topology changes and condensed matter



Topology changes in out-of-equilibrium condensed matter



Outlook and conclusions

Stochastic quantisation and out-of-equilibrium breakdown of symmetries 

Geometric RG flow complemented with stochastic (multiplicative) noise

Consequences of the SGF: astrophysics, cosmology, particle physics and foundational aspects 

Symmetry breaking & topology changes in out-of-equilibrium condensed matter systems 

Emergent gravity from the pre-geometric Wilczek theory
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