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Some problems of the Standard Model

Although the Standard Model successfully explains all current experimental data, it is
obviously not a final theory. For instance,

@ The Standard Model contains a lot of fields with various quantum numbers, the
origin of which being unclear.

@ There are a lot of parameters (like gauge couplings, Weinberg angle, masses
etc.) the values of which need to be explained.

The most natural approach to resolving these problems is to view the Standard Model
as the low-energy remnant of theories with a larger gauge symmetry, commonly known
as Grand Unified Theories. The simplest of them is based on the gauge group SU(5)

H. Georgi and S. L. Glashow, Phys. Rev. Lett. 32 (1974), 438.

In this case, it is possible to explain certain features of the Standard Model, but
unresolved problems still remain. Namely,

@ The mass of the Higgs boson diverge quadratically, so that it should be fine
tuned at the Grand Unification scale.

@ The running of the gauge couplings does not agree with the prediction of the
Grand Unified theories.

@ At present, it is impossible to construct a Grand Unified Theory that explains
masses and mixing of fermions in the Standard Model in a natural and
satisfactory way.

@ It is not clear, why there are three families of fermions.
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A possibility of supersymmetric high energy physics

Most Grand Unified Theories predict the unification of gauge couplings of the form
a1 = az = az, where

€3 €3 it
a3z = 5 Q2 = 5 Q] = -
47 A 3 4An

correspond to the subgroups SU(3), SU(2), and U(1), respectively. The factor 5/3 in
the definition of the coupling constant a1 encodes the prediction for the Weinberg angle
sin? 0y = 3/8 (at the unification scale).

The unification of the gauge couplings is not satisfied in the Standard Model, but in its
supersymmetric extensions the running couplings really meet in a single point,

J. R. Ellis, S. Kelley, D. V. Nanopoulos, Phys. Lett. B 260 (1991), 131;
U. Amaldi, W. de Boer, H. Furstenau, Phys. Lett. B 260 (1991), 447;
P. Langacker, M. X. Luo, Phys. Rev. D 44 (1991), 817.

This fact can be considered as a strong indirect evidence in favor of both supersymmetry
and Grand Unification. However, supersymmetry should be broken at low energies. In
the simplest models soft supersymmetry breaking terms are introduced for this purpose.
They explicitly break supersymmetry, do not introduce quadratic divergences, and can
be considered as remnants of the spontaneous supersymmetry breaking.
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The Minimal Supersymmetric Standard Model (MSSM)

The MSSM is the simplest supersymmetric extension of the Standard Model. It is a
gauge theory with the group SU(3) x SU(2) x U(1) and softly broken supersymmetry.
Consequently, there are 3 gauge coupling constants e3, e2, and e; in the MSSM (their
number is equal to the number of factors in the gauge group). Quarks, leptons, and
Higgs fields are components of the chiral matter superfields:

Superfield | SU(3) | SU(2) |U(1) (Y) || Superfield | SU3) | SU(2) [U(1) (Y)
3xQ 3 2 -1/6 3x N 1 1 0
3xU 3 1 2/3 3xXE 1 1 -1
3x D 3 1 —-1/3 Hy 1 2 1/2
3x L 1 2 1/2 H, 1 2 —-1/2

where for the superfields which include left quarks and leptons we use the brief notations

~(5) (1)

Unlike SM, its supersymmetric extensions (like the MSSM) necessarily contain at least
two doublets of the Higgs superfields Hy and H,,.
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The MSSM superpotential and gauge symmetry breaking

The MSSM superpotential contains dimensionless Yukawa couplings (Yy )1y, (Yp)1J,
and (Yg)7, which are 3 x 3 matrices,

~=a( 0 1)/( H,
W =(vu);, (0 D) (_1 0)(Hu; )Uaj
1
+(Yp) 1, (U D) ( 0
1
0

+(YE]J NE (0

+u (Hu Hu2)( -1 0 ) ( H )

This superpotential produces mass matrices for fermions after the gauge symmetry

breakin
¢ SU@3) x SU((2) xU(1) — SU(3) x U(1)em

by vacuum expectation values of the lowest scalar components of the Higgs superfields
H, and H, (denoted by h,, and hg, respectively),

(o= 0 )e =)
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Gauge symmetry breaking in MSSM

The mass matrices for fermions are given by the expressions
My = v Yyu; Mg = —vqYDp; Me = —vqYE.

The usual masses are equal to the absolute values of the eigenvalues of these matrices
and have the hierarchical structure.
Instead of v,, and v, it is more convenient to use the parameters

2m?2 ;
vEva—i—vﬁz”%le.GeV; th:U—u.
el + e Vq

At present, the value of tg S is unknown.

Comparing the expressions for fermion masses in the MSSM and in the Standard Model
(and neglecting the threshold corrections), we see that the Yukawa couplings are related
by the equations

Yy = Y[SSM)/sin B; Yp = YL()SM)/COS B; Yg = Y}gSM)/cos B.

Scalar superpartners of quarks and leptons have much larger masses because one of the
soft terms is the scalar mass (although there are several contributions to their masses).
The soft terms also include the gaugino masses.
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Supersymmetry and Higgs bosons

There are 5 = 22 -2 — 3 Higgs bosons in MSSM (unlike 1 = 2-2 — 3 in the Standard
Model). Three of them are neutral, and two ones have the charges te. One of the
neutral Higgs bosons should be light and is identified with the Higgs boson discovered
in 2012. The other Higgs bosons have much larger masses.

Due to supersymmetry, there are no quadratically divergent quantum corrections.
Consequently, it is not necessary to make a huge fine tuning of the Higgs mass at
the unification scale. Another interesting prediction of supersymmetry is that the mass
of the lightest Higgs boson at the tree level should be less than m ;. However, quantum
corrections increase it,

3mt 1 Y0

2
=] cos“(20) +
mh mZ (28) 302 oo

According to this equation, the masses of the t-quark superpartners myz, , cannot be
too large.

The Higgs mass mj; = 125.2 GeV can be obtained for reasonable values of the
MSSM parameters. Therefore, the prediction of the light Higgs boson mass can also be
considered as an indirect evidence in favor of supersymmetry. Comparing its value with
the theoretical predictions one can restrict values of some MSSM parameters.
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Mass relations in Grand Unified theories

The MSSM can also be considered as a low-energy remnant of a certain (softly broken)
supersymmetric Grand Unified theory. An interesting prediction of such theories is the
existence of certain equations relating the Yukawa couplings, which, in turn, lead to
the relations between elementary particle masses. For instance, in the simplest SU(5)
model the invariant 5 x 10 x 5 produces the relation Yz = (Yp)T. This implies that
at a certain scale

mq = Me; Ms = Myp; mpy = Mr.

However, this prediction cannot be satisfied. This can be seen with the help of a certain
approximate renormalization group invariant (RGI). By definition, approximate RGls are
almost independent of scale. (Sometimes it is possible to construct exact RGls, which
do not depend on scale in all orders.) In the SM/MSSM it is possible to construct the
approximate RGI from the masses of down quarks and charged leptons,

d
dlnp (Z(iz:> ~0.

The numeric value of this ratio is

(Yp)11(YE)22 _ (YésM))n(ngSM))?Q ~ 10.58 £0.11+# 1
(Ye)11(YD)22 (YSM))M(YI(JSM))QQ

S. Antusch, K. Hinze, S. Saad, Phys. Rev. D 113 (2026) no.9, 095011.
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RGls and Georgi—Jarlskog textures

Taking into account that the expression (Yp)11(YE)22/(YE)11(YD)22 remains almost
constant throughout the whole evolution from the electroweak scale up to the scale of
Grand Unification, we see that the simplest equality Yz = (Yp)? cannot be satisfied
for any values of the SM/MSSM parameters.

A way to solve this problem is to consider more complicated models leading, for example,
to the Georgi and Jarlskog textures

H. Georgi, C. Jarlskog, Phys. Lett. B 86 (1979), 297.

If the Yukawa matrices for the down quarks and charged leptons are chosen in the form

0 B 0 0 B 0
YD = B A 0 3 YE = B —3A 0 5
0o o0 C 0 0 C

then for B < A we obtain
mam o
MeMs '
The factor —3 can be obtained, e.g., if the Higgs superfield comes from the
representation 45, of the group SU(5) and the Yukawa interaction is based on the
invariant 5 x 10 x 45y,
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Exact renormalization group equations for MSSM

Thus, it is very interesting to construct expressions protected against the radiative
corrections. For this purpose, it necessary to know the renormalization group equations
for the theory under consideration.

It is well-known that in supersymmetric theories gauge and Yukawa [B-functions are
related to the renormalization of the chiral matter superfields by certain all-order
equations. Namely,

@ The renormalization of the Yukawa couplings can be expressed in terms of the
matter renormalization due to the nonrenormalization of the superpotential

M. T. Grisaru, W. Siegel and M. Rocek, Nucl. Phys. B 159 (1979), 429.

@ The gauge [-functions are related to the anomalous dimensions of the matter
superfields by the NSVZ equation(s)

V. A. Novikov, M. A. Shifman, A. |. Vainshtein and V. |. Zakharov,
Nucl. Phys. B 229 (1983), 381; Phys. Lett. 166B(1986), 329;

D. R. T. Jones, Phys. Lett. 123B (1983), 45;

M. A. Shifman and A. |. Vainshtein, Nucl. Phys. B 277 (1986), 456

@ Some similar equations can be used for describing renormalization of the soft
breaking parameters

J. Hisano, M. A. Shifman, Phys. Rev. D 56 (1997), 5475;
I. Jack, D. R. T. Jones, Phys. Lett. B 415 (1997) 383;
L. V. Avdeev, D. I. Kazakov, I. N. Kondrashuk, Nucl. Phys. B 510 (1998) 289.
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RGls in supersymmetric theories

Due to existence of the exact equations describing the renormalization in the
supersymmetric case, it is possible to construct some all-loop exact RGls. For
instance, for the pure A" =1 SYM theory

1
S=_- Retr/d4w POW W,
2eg

from the NSVZ j-function we obtain the equation

da _ 300>
ding — 27(1— Caar/2m)’

fACDfBCD — CQ(sAB

where . Integrating it we obtain the all-loop RGI

3

()% o (- 2) =t

Such expressions appear in calculating the instanton contributions to the
effective action, and the NSVZ S-function was first obtained by requiring their
renormalization group invariance, see

V. A. Novikov, M. A. Shifman, A. |. Vainshtein and V. |. Zakharov,
Nucl. Phys. B 229 (1983), 381.
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The NSVZ equations for the MSSM

The NSVZ equations can be written even for theories with multiple gauge couplings

M. A. Shifman, Int. J. Mod. Phys. A 11 (1996), 5761;
D. Korneev, D. Plotnikov, K.S. and N. Tereshina, JHEP 10 (2021), 046

and, in particular, for the (rigid part of the) MSSM

51 3 1 11+t(1 +4 +1 +1 " >+1 +1 ]
[ r(= Z - - - - :
a% 5 on 6WQ 3'7U 3’)/D 2'7L TE 2'YHu 2'7Hd
P2 1 3 1 1 1

— =—— | —1+4+tr( = — — — ;

s R ] R r(She + 37L) + 5, + 5,

B3 1 { 1 1 ]

- = |3+ tr +-yw+ = .

a? 2m(1 — 3az/2m) * (’YQ 2 v ZFYD)

They relate three gauge SB-functions of the theory to the anomalous dimensions of the
chiral matter superfields. The renormalization group functions (RGFs) are defined by
the equations

1/2
doy; _1/9dZ:
Bi(o,Y) = -2 i ilenY) =2z VP :
dlnp ag,Yp=const dlnp ag,Yp=const

where the subscript 0 denotes the bare values.
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The renormalization of the MSSM Yukawa couplings

RGFs describing the renormalization of the Yukawa couplings and of the parameter p
can also be related to the anomalous dimensions of the matter superfields due to the
nonrenormalization of the superpotential

M. T. Grisaru, W. Siegel, M. Rocek, Nucl. Phys. B 159 (1979), 429.

;1:[; = %('YHUYU + ()" Yy +YU7U>
;1?;1 = %(’Y Yp + (v@) Yo + YD’YD)
jf:lEu = %('YHJYE + ()T YE JFYE'YE)
dcll::” = %(’YHu + ’YHd)u~

It is known that the exact equations for both gauge and Yukawa couplings are valid in
the HD+MSL scheme (when a theory is regularized by higher covariant derivatives

A. A. Slavnov, Nucl. Phys. B 31 (1971), 301;
Theor. Math. Phys. 13 (1972), 1064; 33 (1977), 977.

and divergences are removed by minimal subtractions of logarithms).
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The equations for the determinants of the Yukawa matrices

The renormalization group equations for the Yukawa couplings can be multiplied by
the corresponding inverse matrices. After that, it is possible to calculate traces of the
resulting equations using the formula

d
= trln M =
dlnp dlnp

tr[M_1 M ] In det M,

dlnp
Then (taking into account that the indices numerating generators range from 1 to 3) we

see that the equations describing how the determinants of the Yukawa matrices depend
on the renormalization point u are written as

o dIndet Yy _ 1 dYy _ 1 )
VetV = " gnp tf{(YU) m] = 5(37Hu +tr(vg +“/U)>7
_ dindetYp _ _q dYp _ 1/, )
Vdetyy, = Tdmpg tr[(YD) dlnu] = 5(57110[ +tr(vo +"/D))7
_ dindetYy LAY 1
Yetve = " gnp tr[(YE) dlnp,] = 5(3'YH4 +tr(7z +’YE))-

They can be solved together with the NSVZ equations and the equation describing the
renormalization of the parameter u.

K.V.Stepanyantz Application of approximate renormalization group invariant



The renormalization group equations for the (rigid part of the) MSSM

Collecting the above equations we obtain the system of differential equations describing
the renormalization of the MSSM parameters exactly in all orders

d (5 2”) 11+t(1 TV I )+1 41
2y _ (L 4 1 1 1 LS
ann 3 o 7@+ 3+ D+ S ) + S, + 5,
d (27T+21 ) 1+t<3 +1 )+1 41
— nag) =— r(= - - = ;
din i\ 2 2’7@ 2'YL 2'YHu 2’7Hd
d (2”+31 ) =3+u( + 104 )
— nag) = r = - ;

din i \ag 3 Q@+ 5w+ 5D

dindetYy 1
— =3 t ;

din g 2( Vi, +tr(1Q +w))

dlndetYp 1
— =—(3 t );

dinp 2( Yi, +tr(vQ + D)
dindetYgp 1<3 +t( n ))
_— - r :

din g 5 (371 YL +7E) );
dlnp 1

ding 5("/Hu +"/Hd)-

The anomalous dimensions of the chiral matter superfields can be eliminated, thereby
obtaining differential equations which contain only derivatives of the gauge and Yukawa
couplings and of the parameter p.
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The all-loop RGls for the MSSM

Eliminating the anomalous dimensions of the chiral matter superfields gives the

equations
d 5
<—+31na3+—+ lnozg—&-—
dlnp 6y
1 7 5 9
—5 Indet Y — < Indet] fglndetYUJrglnp,):O,
d 27 5
<—+31na5—1—1na2——ﬂ—
dlnp [P 3aq

+1ndetYEfflndetYD+ lndetYU79ln,u> 0.

From these equations we obtain that the expressions
L et o x ey
(det YE)1/2 (det YU)5/3 (det YD)7/6 az 202 6an

(a3)® det Yg (det Yyy) 1/3 (27r T 57 )
e
10 ap (det YD)2/3

RGly =

do not receive quantum corrections in all orders of the perturbation theory and are,
therefore, the exact renormalization group invariants (RGIs).
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The all-loop RGls for the MSSM

Instead of the renormalization group invariants (RGly, RGl2) it is possible to use the
equivalent set (RGl3, RGly), where the expressions

RGI;\2/3 ;1,3 ,uﬁ a9 T 57
RGl3 = = exp|— + —);
3 (RG|2) (detYE) (detYU)4/3 (det YD)1/3 <a2 3a1>
3 3
_ u° (a3)
Rl = (RG)** (Rol)* = s e (5))

also have a rather simple form.

‘ D. Rystsov, K.S., Phys. Rev. D 111 (2025) no.1, 016012. ‘

Similar RGIs can be constructed for other theories, e.g., for the Next-to-Minimal
Supersymmetric Standard Model (NMSSM)

M. Maniatis, Int. J. Mod. Phys. A 25 (2010), 3505;
U. Ellwanger, C. Hugonie, A. M. Teixeira,Phys. Rept. 496 (2010), 1.

Nevertheless, although these RGls remain constant throughout the whole
renormalization group evolution in the MSSM, it is very difficult to use them for
analyzing some phenomenological consequences. For this purpose, it is better to deal
with the approximate RGls, which receive only relatively small quantum corrections.
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One-loop anomalous dimensions of the MSSM chiral superfields

Let us proceed to constructing of some approximate RGls. For this purpose we will need
the renormalization group equations in the lowest orders of the perturbation theory. The
one-loop anomalous dimensions of the chiral matter superfields in the MSSM read as

1 3ax 4

vo(a, V)T = —%ﬂ - 4%5 - % + —(YUY+ + Ypy+> +0(a2,ay2, YY),
%%} das 1

yula,Y) = e T i — Y Yy +0(e? aY?, YY)

(e %1 4oy 1

Y)=—— - —— + — Y Yp + 0(a®,aY? Y");
yo(eY) = =qgr = 5 e Yo Yo+ 07, a¥ Y
3 3
vL(a,Y)Tf—ﬂ—ﬂjL—YEY +0(a?,aY? Y4,
207 47r
_ 3o + 2 4
ve(eY) = —— +—Y Yg +0(a?,aY?, Y4
3 3. 3
Yoy (0, Y) = =0l _ 292 L % ybyy 4 0(a2, Y2, YA,

20 4 8m2
3 3o 1
v, (oY) = 2oL 222 4 O <3Y+YD 4 Y*YE) +0(a?,aY?, Y.
E 207 47 82

Starting from these expressions we are able to construct two-loop S-functions with the
help of the NSVZ equation and the anomalous dimensions of the Yukawa couplings
using the nonrenormalization of the superpotential.
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Two-loop B-functions for MSSM

The corresponding two-loop S-functions can be obtained with the help of the NSVZ
equations and are well-known, see, e.g.,

‘ I. Jack, D. R. T. Jones, A. F. Kord, Annals Phys. 316 (2005), 213. ‘

Bi(e,Y) 1 §{ oy 19901 9ar 2205
a? 2r 5 60m 4 3
1 13 . T 4 v 2 2 4
+@tr(§YUYU +3YDYp +3YEYE) +o(a ,aY2)y );
B2(a7Y)__i _1_&_25042_%
a% 2 207 4 s
+o3 tr(3YuY +3YpYE + YEYE)} +0(a?,av?,y4);
T
B3(a,Y) 1 {3 1lan  9as  Tas
a% T oo2n 207 47 27

+$ tr<2 YUYJ + 2YDY5L>} + O<a2,ay27y4>.

(Certainly, below the supersymmetric threshold it is necessary to use the renormalization
group equations for the Standard Model, which are not presented here.) The 8-functions
are also modified in presence of extra matter.
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One-loop anomalous dimensions of the Yukawa couplings

For the Yukawa couplings we can also take into account that the Yukawa couplings
have hierarchical structure. Namely, they are the largest for the third generation and
are the smallest for the first one. This allows to neglect small terms containing Yukawa
couplings of the first and second generations. Then, for the third and second generations
(neglecting mixing between them) we obtain

dlr;(lzl;)gs ~T 1500: B 34% a 4:% * B%O/ i+ 161 Tomz VD)

dlr;(lzr;)m ~ _15(;‘;1 _ % _ % + 16%(%)3,3;

% ~ _% - 34% - % + Tgm 03 + 832( D)3s + g, Q(YE)”’
%ﬁi)% z_%_%_%—’_ 1632( Y)3s + 1612(YE)‘%’3;

dlIn (YE)33 9041 3042 3
. = ( D)33 + (YE)337

dlnp 207 Ar | 1672
dln (YE)22 - 9041 3042 3 (

~ — Yi)2s.
dinp 207 4m | 1672 (Y&)53

1
Yp)3z + —=

)33 167 2
Looking at this equations we can try to find such combinations of Yukawa couplings
that receive relatively small quantum corrections and are, therefore, approximate RGls.
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The initial conditions

As initial conditions we take the values of the Yukawa couplings for the Standard Model
at the mass of Z-boson in the MS scheme found in

‘ S. Antusch, K. Hinze, S. Saad, Phys. Rev. D 113 (2026) no.9, 095011‘

on the base of the experimental data presented in

S. Navas et al. [Particle Data Group], Review of particle physics,
Phys. Rev. D 110 (2024) no.3 030001.

Namely, for the third and second generations

(V™)33(mz) = 0.967 + 0.004; VM ) (m) =

(V5™)33(mz) = (1.630 £0.009) - 1072; (Y5 ™)aa(mz) =
(V2")33(mz) = (0.99378 + 0.00014) - 10
(VM) a5(m ) = (5.85042 + 0.00075) -

(3.56 £ 0.06) - 1073;
(306:&004) 1074

104

In what follows, we will consider only Yukawa couplings of the third and second
generations and neglect mixing between them.
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Approximate RGls and the Yukawa relations

The aim is to analyze which Yukawa relations could be satisfied for a certain choice of
the parameters and which cannot.

For this purpose, we will construct some approximate RGls containing Yukawa couplings.
Using the (approximate) scale independence of these expressions, it is possible

1) to express them in terms of the Standard Model Yukawa couplings, tg 3, etc. at low
energies;

2) to guess their values at the unification scale with the help of arguments based on
the group theory.

Comparing the results, we will try to estimate values of the unknown parameters

tg B; —=, etc.

Doing this, we will consider only the Yukawa couplings of the third and second
generations and neglect mixing.

In general we will assume that the models under consideration can have a different field
content compared to the MSSM, but will neglect the Yukawa interaction of the possible
exotic superfields.

For simplicity, we assume that masses of all superpartners are equal. The renormalization
group equations are taken in the two-loop approximation for the gauge couplings and
in the one-loop approximation for the Yukawa couplings both below and above the
supersymmetric threshold.
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The first approximate RGI

Let us construct such expressions that remain almost constant throughout the whole
renormalization group evolution following

‘ K. Krylov, D. Rystsov and K.S., arXiv:2604.23329 [hep-ph]. ‘

The first example of such an expression is

(Yi)ss\3 ( (VD)
h= 1(<YZ>22>3(<Y’3>§§>5 :

The derivative of the logarithm of this expression with respect to In p does not contain
the (large) couplings s, [(Yr)33]%, and [(Yp)33])? and is given by

dh’l[l Oél
= Y,
dinp  5r a2 2[( B)ss]” +-

At low energies (the scale of superpartner masses msysy) the expression for I1 can be

estimated as
(SM)

I =tg ﬁ'( :zzziss)S(EigSM);z>5 :
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The first approximate RGI: numerical analysis

For the scales m., msysy = 5 - 103 GeV, and mgyuT = 2 - 1016 GeV we obtained

I

my

~ tg?B-0.98; I

mgysy=>5-103 GeV

~tg?B - 1.25.
mGUT

~tg?B-1.18; I

The plot of I1/tg?/ as a function of scale for the MSSM with tg 3 = 18 is presented

on the right.

For comparison, by dots we also presented the

plot of the function

10 - tg2ﬁ’ (YD 33

(where we formally changed 3 <+ 5). The plot of N

the function

(YU)33 ) ((YD)22 )3

(Y )22

()" (o

is also presented by dashes.

0.8

0.6

) "
logig ™y

We see that the expression I3 really remains almost constant throughout the region of

supersymmetric evolution.
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The second approximate RGI

It is also desirable to construct such an RGI that can be estimated at low energies
without involving tg 8. For this purpose let us assume that at the unification scale

|(Yu)ss| =z [(YD)ss],

where z is a certain real number, and the absolute value of |(Y7)33|— [(YD)33| remains
small throughout the whole renormalization group evolution. Under this assumption it
is possible to obtain that the expression

(Yu)ss (Yp)ao ((YE)33 (YD)22> 2?431)‘

(Yp)3zs (Yu)ez \(YD)sz (Ym)as

-

slightly depends on scale and is therefore an approximate RGI. At low energies (the
scale of superpartner masses msysy) the expression for I> can be estimated as

2(22-1)
; ' (Y[SSM))33 (YSM))QQ ( (YSM))% (Y[()SM))ZZ ) o ‘
5 = . . .

5"z ("2 N\ S")as (ve)GM

Note that this expression does not include tg 8. However, the value of the parameter x
remains unknown.
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The modified second approximate RGlI

According to the Georgi—Jarlskog texture, at the scale of Grand Unification
1
(Yp)as = (YE)as; (Yp)22 = _E(YE)22~

In this case
(Yg)ss (YD)22 1

(Yp)sz (YE)22 meut 9

r=

However, in fact, for MSSM this ratio is slightly different. According to

S. Antusch, K. Hinze, S. Saad, Phys. Rev. D 113 (2026) no.9, 095011.

tg3 5 10 30 50
r | 0.301 | 0.304 | 0.304 | 0.304

(for msysy = 3-103 GeV). Taking into account that (0.304) ™! = 3.29 it is reasonable
to modify the invariant under consideration,
2(22-1)
(Yu)ss  (Yp)az (3 99 . (YB)3s (YD)22> «213 ‘
(Yp)szs  (Yu)az (Yp)ss  (YE)22

Then the ratio in the round brackets tends to 1 at the scale of Grand Unification.

12—>TQE
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The dependence of the RGI Iron x

As we have already mentioned, it is possible to roughly estimate a value of I, at the
unification scale using the equation

2(z2-1)
- (Y((]SM))33 (YL()SM))QQ (329'(Y]§SM))33 (YSM))M) 2243 ‘

Iy = . : .
SM SM SM SM
¥S")zs (¥S")az Sz (ve)GM

The plot of this expression as a function of x is presented in the figure

Iz

At this scale we obtain

(Yo)ssl = 2 |(Yp)aals  |(Yo)ze| & 7 |(YD)22 -
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The dependence of tg 8 on x

Taking into account that I; and I slightly depend on scale and eliminating the ratio
|(YD)22/(YU)22}mGUT, it is possible to estimate the value of tg 8 as a function of z,

5(x2-1)

(00 (39, OF 05 "

1
z (YSM))% (YL(>SM))33 (YE)(QSQM)

tgf ~

The plot of this function is presented in the figure together with the tree curve % . %
denoted by dots. The value at my is plotted by dashes, while the value at mgysy =

5103 GeV is given by the solid line.

Using this plot one can suggest various options

for the Yukawa relations. For instance, x = 5
corresponds to tg8 ~ 18 and to the Yukawa
relations

|(Y)asl = 5|(YDp)ssl;

(Vi)2zl = £ |(Vp)zz|

at the unification scale.
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RG evolution of the Yukawa couplings and of the RGI I

As an example, let us consider x = 5 corresponding to tg 3 = 18 and I2/z ~ 5/4.

The evolution of the Yukawa couplings

3
(yuv)ss = [(Yu)ssl/5; (yp)3s = |(YD)s33l; (yE)33 = 1 [(YE)33|
are presented in the left figure, and the evolution of the constants
5 4
— - [(Yr)22l; (yp)22 = |(YD)22l; (Up)22 = 5+ 3.29 - |(Yi)22|

(yu)az = 1
is presented in the central figure. Solid, dashed, and dotted lines correspond to yi7, yp,
and yg, respectively. The plot of the RGI I3 is given in the right fugure. We see that it

really remains almost constant.

0s oo .
(yi)22 I2

(yi)33
0.006 0 /

0.005
0.004 N

0.003

0.002

0.001
T 4 6 & 10 12 u
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The third approximate RGI

A value of the ratio | (Yg)22/(Yp)22| at the scale of Grand Unification can approximately
be estimated with the help of the approximate invariant

) ( m ) —4asz/3m
mGuT

For a theory with n additional superfields forming the representations R and R of the
group SU(5), the derivative of its logarithm with respect to In u calculated with the
help of the expressions presented above is given by the expression

(YE)22
(Yp)22

135’

dln I 2(3 —
nfs _on 26=n) ey, B
dlnp 3 372 meuT
where
Lns + 1o + L + Bngg +
n=-n -n -n n
5"+ gm0+ Snis 24

and dots denote one-loop terms proportional to the Yukawa couplings of the second and
first generations and all higher order contributions except for the one of the two-loop
terms written explicitly.

We see that the expression for dIn I3 /d In p1 is relatively small, so that I3 does not receive
large quantum corrections and can be used for estimating the value of [(Yg)22/(YD )22/
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The third approximate RGI improved for the MSSM

For the MSSM (for which n = 0) it is possible to modify the expression for I3 in such
a way that its derivative becomes even smaller. Namely, let us consider the expression

T, = (Yg)22(p)

1 (YD)22(p)

'(a%(u) )8/9( o (1) ))10/99.

(mguT) a(meuT

Note that, due to the equation

8/9 1 3 I —8/9 1 —4ag /3w
(ag(p)) 9 <7 — In ) =~ (ag(mGUT))) / ( ) ,
az(mguT) 27 mGuT meuT
this expression is really close to I3 constructed
on the previous slide. Plots of the functions A
|(Vi)22(1)/ (V)22 ()| (dots), I (dashes), and |

I3 (solid) are presented on the right for tg 8 =
18, msysy = 5 GeV. We see that Is really does
not almost depend on scale and can be used
for estimating the ratio |(Yg)22/(YDp)22| at the N YR)an/ (YD)as]
scale of Grand Unification, which appears more s

than 3 (about 4.3).

o
my

logig
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The Yukawa relations and group theory

Equations relating the Yukawa couplings appear in theories with wide gauge symmetry.
The matter is that the wide gauge invariance requires that the coefficients of various
terms in the action should be related to each other. For instance, the SO(10) invariant
16 x 16 x 10 leads to the relations

Yy =Yp =Yg =-Y,.

However, this relation evidently is not satisfied, at least, for all generations. However, it
is possible to consider more complicated invariants and try to analyze their predictions.

Here we will consider the group Fg

F. Gursey, P. Ramond, P. Sikivie, Phys. Lett. B 60 (1976), 177

and try to construct the Yukawa relations that mostly resemble the ones discussed earlier
starting from its certain cubic invariant.
The group Es has the dimension 78 and the fundamental representation 27. It is known

R. Slansky, Phys. Rept. 79 (1981), 1

that o
27 x 27 = 275 + 3514 + 351%.

Therefore, there is the invariant 27 x 27 x 351" which we will try to investigate.
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The group Fg

The group Eg has the maximal subgroup SO(10) x U(1), with respect to which

7E6 (4) +10(=2) + 16( )’so(m)xU(l)s
27| =1(—4) +10(2) + 16(—1

‘EG (—4) +10(2) + 16( )Loumeﬂ%
78| =1(0) +16(=3) + 16(3) + 45(0)|

6

SO(10)xU(1),

where 16 and 16 are the right and left spinor representations of SO(10). Here we use a
single spinor index a = 1,.. ., 32, so that

ta = {tij,ta,t},

[tij,tr] = 7\/1172 <5ilt]'k — djitik — ity + 5]-ktil)%
L no)y b i 10y b
tij, t] = 0; t,tq] = = (T ty; tii ta] = — T\ to;
Es [J] [ ] 4(11)ab []a} 2\/5(1])1117
7 1
[mmz—rﬁwﬁbmmmﬁjwﬁbmmw
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The Eg representations in terms of SO(10) (super)fields

First, we construct the invariant 27 x 27 x 351’. It is convenient to formulate it in
terms of SO(10) fields. Then according to

77| =1(-4) +10(2) + 1_6(—1)’

SOloxlﬁ;
= 1(8) + 10(2) + 16(5) + 54(—4) + 126(2) + M(—l)‘

N

351’

Eg 50(10)xU (1)’

27 ~ {P, P; P*}; 351" ~ {A7 Ay Aa, Aijs Aijkims Aia g

where A;; is the symmetric traceless tensor, A;jx;m, is the completely antisymmetric
tensor that satisfies the condition

o __i

11121314175 5,5i1i2i3i4i5j1j2j3j4j5

Ao

71327334735

and A;, satisfies the constraint (BF,‘)“bAib = 0. The normalization is fixed by

No7 = 27 x 27 = PP + P, P, + P*D,;
JE— _ _ _ 1 - 1 - _
N351/ = 351" x 351" = AA+ A;A; + A A% + iAiinj + gAijk:lmAijk:lm + AiaA?.
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~

The Eg invariant 27 x 27 x 35

The invariant 27 x 27 x 3517 is derived by requiring the manifest SO(10) x U(1)
invariance and the invariance under a certain hidden symmetry corresponding to 16(—3)
and 16(3) (with the respective parameters €, and €%) in the branching rule

78] =1(0) 4+ 16(—3) + 16(3) + 45(0
5 (0) +16(=3) + 16(3) + ()SO(IO)XU(U,

while the terms 1(0) and 45(0) in the right hand side correspond to the subgroups U(1)
and SO(10), respectively, for which the invariance is manifest.
In the explicit form, the invariant under consideration is written as
37 x 77 x 351 = P2A 4 —— PPA; + VAP P A, + —— PP Ay
- a
X 10 141 ) \/5 i ¥
+fPP Ala + P (F'ijlmB)abP AZ]klm + 7Pa(FiB)abeAi-
45
The relative coefficients in this expressions are fixed by the invariance under the hidden
symmetry transformations (which are presented on the next slide).

Starting from this invariant we will try to obtain Yukawa relations similar to those
discussed earlier.
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Hidden symmetry transformations for 351’

For the representation 27 the transformations of the hidden symmetry are written as

1 1
P =¢eoP% 6P = ﬁga(riB)abe; SP* =P + Esb(Bri)abPi.

The transformations of various parts of the representation 351’ take the form

V10 5
SA = —V2e%Ag; §A; = ——4 €a(BT;) % Ay — gamm;
V10

0Ay = —V2e,A — be(FiB)abAi 2\[ 5' b(szklmB)abAz]leH

1
6Aij = —E [ea(BFi)abAjb + Ea(BFj)abAib] 3

1 ab 1 a b a b
0Aijkim = *Tﬁffa(BFijklm) Ap — 5 [E (Tijrt)a’ Amp + € (Cmiji)a’ A
€4 (Cimiz)a® Agp + € (Crimi)a Ajp + €a(ijlm)abAib] ;

9 1 1 1

0A;q = —47\/5&1141' —1 Zeb(rjklm)abAijklm - \ﬁEb(FjB)abAij

1
——ey(Tyj)a" 4, +* —ep(Dijrimn)a’ Ajkimn-

4\/ 4 5l
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SO(10) invariants

Next, it is necessary to consider certain parts of the above invariant and write them in
terms of SU(5) C SO(10) (super)fields. This can be done by the same method, but
the overall constant should be found with the help of a different technique. Omitting
the technical details we present the results for some SO(10) invariants which will be
needed in what follows

Io = 16 x 16 x 10 = P*(I'; B) 4y P* A;

1
= ~2v2(6 6aR” + $ad™ Ry + Sapua ™" R7);
- = 1 3
I126 = 16 X 16 x 126 = 7Pa(FijklmB)abeAijklm = 4\/§<¢2K+ \/?(b(baKa

1
+—08*P Kop + —= ——€uvapy " 9P K

V2 S badg Lo 16" K

V2 V2 8f

1
+— o1 5uuaﬁw¢uy¢0pKQB’y>

T144 =10 X 16 x 144 = P;P*A;,

2 V5 1
= =75 (R oBa+ RSB+ Lmearnin

V5 5 V5 1 V6
+7Ra¢Ba + gRa¢BCaﬁ + TRad’Bngﬁy + ZRa¢a'8Bﬁ + 7R0¢,BBQ'B)-

V5

Ra(bB'YB”" 4 TRa(bﬁ’yBa[B'y]
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The SU(5) superfields

At the final step, the SU(5) superfields are presented in terms of the MSSM superfields,
for instance,

D1 0 Us —Us Ul D!
Dy —Us 0 U, U2 D2
¢=N; ¢a=| Dz [; ¢*’=| Uz -2 0o U D3
B -g* -U? -U3 o0 E
-N -D' —-D?2 -D3 —E 0

Similarly, for the Higgs superfields

0 0
) 0 0
57 — 0 ; 55 — 0
Hy Hygz
Hyso —Hgy

If the Higgs superfields come from the SU(5) representation 45, then

7
451, — 22 [51(Hd)k —6L(Ha) ) 455 = 455 — ——=07(Ha)s,

1
2Vv/3

K.V.Stepanyantz Application of approximate renormalization group invariant



The third generation

For the third generation, let us take

2_7’ —>10‘ —>5| — Ds, Ly; ﬁ( N E) - 1_0‘ - Q3,Us, Es;
Eg SO(10) SU(5) Eg S0O(10) SU(5)
351/ 126 =5 s (Hu)s; 3517 - 124 N 5| S (Hy)s;
Eg 50(10) SU(5) Eg S0(10) SU(5)
Eg Y3 - 27 x 27 x 351/
j— j— 1 J— J— J— JE—
50(10) | 16 x 16 x 10 LY - 16 x 16 x 126 V3Ys 10 x 16 x 144
SUG) | TOxT0x5 | 5x10x45| ———vs-10 x 10 x 5 ! Vi 5xT10x5
5} X X X X ——=Y3 - X X —— Y3 - X X
VR Jio
MSSM Yer) vy v (YD) Ly,
U )33 = \/3 3 E)33 = D)33 = \/ﬁ 3

The result reads as
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The second generation

Similarly, for the second generation we take

27‘ —>1_6‘ —>5‘ — Do, La: ﬁ‘ —>E’ —>1_0( — Q2,Us, Ea:
Eg S0(10) SU(5) Eg S0(10) SU(5)
351" ~>10| ~>5| — (Hu)2; 351/ *>1—26| — 45 = (Ha)z;
Bg S0(10) SU(5) Eg SO(10) SU(5)
Eg Yo - 27 X 27 x 351/
S0O(10) !y, .16 x 16 x 10 Ly, .16 x 16 x 126 10 x 16 x 144
o X X ZYs - X X X X
WV 12
1 _ _ _ _
SUG) |~ =Y2 10 x 10 x5 2Y5 -5 x 10 x 45 T0x10x5| 5x10x5
MSSM (vy) Ly Love (YD) 'y,
U)22 = 10 2 3 E)22 — D)22 — \/5 2

In this case we obtain

1

Yo = —V10 (Y )22 = (Yg)22 = —V3 (YDp)a22.

S
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Discussion

We see that Eg invariant 27 x 27 x 351’ allows deriving the Yukawa relations

Yz = —V3(Yy)3s = —V10(Yg)33 = —V10 (Yp)33;

1
Yo = —V10 (Yi)22 = —= (Yg)22 = —V3 (YD )22,
V3
which are in a certain degree similar to the ones discussed earlier. However,
@ Numerical values of the Yukawa ratios are different. In particular, by this
method, it is very difficult to obtain Yukawa ratios which are far from 1.
@ Higgs superfields are different for different generations.

@ The representation 351/ is too large and seems to be unnatural. Possibly, it will
be necessary to use smaller representations, but nonrenormalizable
superpotentials of higher degrees in chiral matter superfields.

Certainly, a more accurate renormalization group analysis should be done and a
possibility of constructing of a phenomenologically satisfactory model needs to be
thoroughly investigated.
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@ Analysing possible relations between Yukawa couplings at the scale of Grand
Unification one can use the renormalization group invariants (RGls). The exact
RGls remain constant throughout the renormalization group evolution, while the
approximate RGls receive relatively small quantum corrections.

@ It is possible to construct two exact RGls for the MSSM. However, it is difficult
to apply them for the phenomenological purposes.

@ Some approximate RGIs can also be constructed for the MSSM. They can be
used for estimating certain ratios of the Yukawa couplings at the scale of Grand
Unification.

@ The resulting ratios of the Yukawa couplings for the MSSM do not agree with
the predictions of the simplest models of supersymmetric Grand Unification.

@ Using complicated cubic invariants for wide gauge symmetries it is possible to
derive some nontrivial Yukawa relations, but at present we did not find the
invariants producing the phenomenologically satisfactory results.

@ How to construct a phenomenologically satisfactory model is an open problem.
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Thank you for the attention!




